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Abstract

111 dcc~)  sl)acc (:olIlllllllli(:at,iolls,  arrayil]g Si,gIli~lS mmivcd at Illultil)lc  grour]d antennas
call I)c USC(I to cl)llancc  conllllunication  dowlllillk  IJcrformal]cc. IIy collcrelltly  addiug
sigl)als received from the salne sl)acecraft, arraying  has the ~mtcntia]  to increase the
signal  to Iloise li~tio  (SNI{,) over that, acllicvablc  w]tll ally si~lglc  a~)t,cnna ill the array.
A nullllm of diffcrc~)t,  arraying techniques for us{: in NASA’s 1 )ccp S~)acc Network
(1X3N) have INCH pro~,oscd and their performance analyzccl i~l past literature []],
[2]. ‘J’l,csc a*,alyscs  have compared cliffcrc,,t arraying scl,cmcs  u*,dcr t})c assum*,tio*l
that, tllc sig]lals  colltail]  additive white Gaussiau  l~oisc  (AWG\T), and that the noise
observed at distinct antennas is indcl)cllclcllt.

11] situat,iol)s  where an unwanted backgloulld  tmdy is visible to lllultildc antmlnas
ill the array, however, the assumption of indcpm(lcnt  noises is 1]0 longer applicable.
A })lanet with sigl)ificallt  radiation emissions in tll(:  frcqucllcy  balld  of interest, car} be
OIIC sue]) source of correlated noise. l“or example, during  nluc}l  of Galileo’s tour of
Jupiter, the p]anct  will contribute significantly to the total  system noise at various
ground stations. ‘J’his report analyzes the effects of correlated noise on two arraying
schclncs  currently being considered for I) SIN a~)pli(ations;  ~la~ncly, full spectrum com-
bining (l+’SC) and complex symbol combining (CSC). A framework is ~)rcscntcd  for
cllaractcrizillg  tllc correlated noise based on physical parameters, and the impact of
the Iloisc corrc]atioll  on the array pcrforlnancc  is assessed for each scheme,
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Abstract

11] dccl) sl)acc cc)ltll]]llllicatiolls) arraying sigllals  rmivcd at Inullli})lc  ground al]tmlllas
call bc used to cnhancc (:ollll)lllllicatio~i”  aowlllil]k  Iwrformallcc. I ly collcrm~tly  adding
signals rcccivcd  from the same s])acccraft,,  arrayil)g has the ~x)t,rlltlial  to illcrcasc tlhc
siglml to lloisc ratio (SIN I{,) cm] that acllicval)le  wit]l ally siuglc aIltcIllla  ill tlllc  array,
A ]lu]nlmr of difIcrcllt  arraying tmhniqucs  for usc in NASA’s 1 Jcc]) S~)acc  Network
(IISN) llavc lmn proposed a,ld their ~mfonnanci a]lalyxcd  ill lMSL litmaturc [1],
[2]. ‘1’l)csc analyses have com~,arcd different arrayi],g  schmncs  ulldcr the assulnptio],
that tl]c sigl]als  contai]l additive white Gaussian  noise  (AWG N ), aJId t])at the I]oisc
olmrvcd at, distinct antcnuas  is indclmldcmtl.

lu sit,uatim]s  wl)crc an unwanted background body is visible to l~lultip]c antcnuas
in t(llc army, however, tjhc assulnl)tion  of indcpmdent-  noises is llo ]ollgcr alq)licablc.
A ~)lauct with signifimlt,  radiation missions in the frcquc~]cy lmlld of intmcst  call bc
OI]C SUCI1 source of correlated noise. i’or cxam~)lc, during  lnuclI of Galileo’s tour  of
Jul)itcr,  the l)lanct, will contribute significa~ltly  to (he total systmn noise at various
ground stations. ‘J’llis  rcl)ori, analyms  the cflmts  of corrclatlcd  IIoisc  011 two arraying
schemes cumntly  being consiclcrcd  for IX3N al)plications;  nalllcly,  full slmtrum com-
I)inil)g (l’’SC) and comp]cx  symbol combining (CS( ~). A fraulmwrk  is prcscntcd  for
charactcriziug  tlllc  comdatcd  I)oisc  based oxl l)hysica]  l)aramctcrs,  and the inll)act of
tfhc noise comlation  on the array  pcrforma~lcc  is assessed fol each schmnc.
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Chapter 1

Introduction

‘1’hc ~Jroccss of colllbil)ing  radio signals fronl II]ultil )lc alltc!nllas, COllllnollly  r(!fcrrc(l

to as arraying,  is bcccnning  increasingly comlnon in NASA’s 1 )CCI)  Sl)acc  INctwork

(I EN) for s~,acccraft  telemetry reception. IIy collcrc)ltly  addillp; si~llals  frol~l  lnult,i~)lc

rm!iving  sit,(!s,  arraying produc~!s an c~lhancclnel]t  ill signal-to-noise ratio (SN1{) over

that achievable wit]] any sing]c ant(!nna i]] tllc array. Arrayil]g is c!s~mcially  attractive

for deep sl)acc a~q)lications,  since power consllraitlts  are ty~)ical  in sucl]  colllllllll)icatjioll

systmns. Arraying can bc used to cohm!ntly  demodulate sip,llals  that+ arc to weak to

lN: tracked hy a sillglc antenna,  or to incrcasc the sllpportab]c  data rate for strol]gcr

signals, thereby increasing the scicllt,ific  return fron] the missioli.

A llumbcr of techniques for arraying sl)acccraf( tmlcmctr,y IIavc been prol)oscd

and their ~x:rfornlancc  allalyzcd in past  literature [1 ], [2]. OIlc 1 wrforlnallcc measure

discussed in t,hcsc works for cmnparing  arraying schcmcs is symbol SNR dcgradatio]l.

1 )cgradat,io])  is defined as the ratio of the actual symbol SN1{ of l,IIc arrayed tclcmctry

to t]lat  achievable with l)crfcct syllc:llrollizatioll  (i. e., the ‘(ideal” symbol SNI{.) in

general, syllc}lrollizat,io:l  losses result froln ilnpcrfcct combiuing  of tllc signals, as wc]l

as phase errors in si.gial  demodulation. Past work cxmputcd  dcgyadation  for different

arraying schcltlcs  u]ldcr tllc assumption that  tllc tclcmctry  signals contain additive

white Gaussian noise (AWGN), and that th{! noise ]vavcforlrls  fl 011] distiljct  alltcllllas

arc indclmndcntl.

in ccrtaill  scmlarios,  an unwant,cd  radio souJrc  uithin  an al]t CJJrIa’s rcccl)t,ioll l)at-

8



tml can cont,rilmtc  significantly to total systlcm }Ioisc. If sutll a background body

is visible to ~nulti~)lc  ant,cnnas  in an array, the assumption of illdepclldcllt noises is

no longer ap~)licab]c.  A ldanct  with significant, radiation  mnissions  in the frcqum]cy

lmnd of il]tcrcst call lx: onc such source of comlatcd  IIoisc. l“or example, ,Ju~)itcr

is a stlrollg radiator at S-band, which will be usml for data ri’llurn f!wln tll(! C~alilco

sl)acccraft. ])uring  a sul)stantfial  fraction Uf the Galileo I]lissiol), tllc JJallct  will have

an angular sc})aratioll  from tllc spacecraft which is less than  t}lc bcamwidtll  of a 70-

nlctjcr alltlcnl]a, which is tile

thus l)wxlcd to charactlcrim

correlated ]Ioisc.

largest almrturc  autmlna  in the IISN. F’urthcr analysis is

the ~mrfor]na]m of alraying  sclim]]cs ill tl]c Imscncc  of

1 ‘rior work has been conducted 011 this subject [3], but, IIas ]lot cxhaustmd  research

lmssil)ilitics.  A stn{]y l)y IXnvcy  cxa~nincs  correlated noise cflmts due to IJal}ctary

sources, focusing mainly on ~)hysica] collsidcrat,iolls.  A cwmlatcd  noise model is INW-

scnl, cd, taking  into account, ~)ropcrtics  of the soum!  and t]lc array geometry. ‘J’hc

iml)act, of the background source on arrayed syml)ol SNI{ relative to the case of un-

corrclatjcd  Iloisc is then analyzed. The results ol)taincd arc al)~)licd  to observation

of the Galilm  s])acccraft from a 4-clmcllt  arra~ in the 1 ISN’s Australia com])lm.

1 lowmwr,  1 )cwcy’s study CIOCS not take into account the effects of imperfect synchro-

nixatfion in t)clcmctry  arraying, which arc dcpcvldmltl  on the slmcific arraying  tcchniquc

used.  ‘1’bus, the analysis dots not identify the rcl:ltivc  adva~lt,agcs and disadva~ltagcs

of di ffcrcnt arraying schemes under  conditions of correlated noise.

‘1’11(! purpose of this study is to analyze the effects of corl elated noise on arraying,

focusi]lg  on t,hc!  ~moccssin.g  scheme  used. ‘1’hc full spcctruln  combining (l’SC) and

coml)lcx  sylnbo]  combining (CSC) arrayirlg tcclltliqucs, whic]l arc prcmntcd  in [2],

arc conll)arcd in terms of symbol SNR degradation. ‘1’hcsc  scllclnes  were chosen as

tlhc basis for this study bccausc prior analysis indicates they arc the most prolnising

o~)tions when the link lnargin  is low, as in the case of the Galileo S-band mission.

ltclat(ivc advantages and disadvantages of the two scllcl]lcs will I)c idmltificd,  as well

as tllc l)ractical issue of modifications to cxistin~, t,ccl]niqucs  l]ccdcd  in tllc prcsmlcc

of correlated ]] oisc.

g



‘1’llc body of this rclmrt, is organized as follows: Clla~)tcr  ‘1’wo contains a tutorial

intmductiol)  to dccl) s])acc coll]ll~llllicatiolls,  and briefly inl)roduccs  the full slxxirulll

co]nbillil]g  and colnl)lcx  symbol coml)ining  sc])cmcs Cllal)tcr ‘1’llrcc  ~)mvidcs lJack-

ground illformat)ion on radio sources, and prt!scmts  al! a~)propriatc  mode] for tllc noise

olmrvcd by tllc a])tjcnllas in an array. 111 Cha~)tmr ])our, full s~x:ct,ruln  combining is

allalyml  ill dctai],  and silnulatioll results  of 1~’SC pm fomlallcc wit]] varying dcgrccs of

uoisc correlation arc l)mcnt[!d.  Chapter l’ivc cmltlains the sallic analysis for tile scc-

o]ld scl]mnc,  coln~)]cx sylnbo]  combining. Finally, Clla~)tcr  Six a~)l)lics  tllc analysis of

tllc l)rcvious  three chal)tm  to t,llc case of the Galileo S-band lnission  a)]d sullllllarizcs

t]l(: ]najor  r(:sults  of t,]]c work.
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Chapter 2

Overview of Deep Space

Communications and Telemetry

Arraying

I Icrc, wc Ijrcscnt basic information to familiarim  1 hc reader  with d(!cl) sl)acc conmlu-

l]ications. Section 1 clcscrilm  the dcc~)  s~mx: tclclnetry  signal  format, and explains

{hc operation of a rcccivcr  nm!dcd  to ~wrfol  In cohm m]t sylnbo]  (lctcction. III Scctioll 2,

symbol SNI{ degradation, which is a ~mformallce mcasur(! used to characterize both

single-rcccivcr and amaycd  tclmnctry  mxption,  is introduced. Section 3 ~mwidcs  a

functional clcscription  of FSC and CSC, and briefly discusses tllcir lclativc  acivantagcs

and disadvantjagcs.

2.1 Signal Format and Single-Receiver Operation

1 hxp s~)acc  tclcmctry  contains information in the f(nm of billarv data. A binary  ]Jhasc

shift keyed (I IPSK) modulation schcmc with suljcarricr  is l]scd;  the 4.1 bit strcalll

is directly modulatml  onto a squarcwavc subcamicr, which is tllm ~)llasc:-xllo[llllatc(l

on to  a carrier [1]. ‘1’hc rcccivcd radio  sigI]al can thus lx CX1)ICSS(XI  as:

11



whcm 1?1, is the total  rcccivcd ]mwm; WC is t,hc ca~ricr  radian  flcqucncy; A is tllc

IIiodulation illdcx; d(t) is t,hc :}-1 d a t a  str[!am; sq] (x) is t+l]c squarcwavc function,

defined by sqr(x)  = sgn(sin(x));  Wsc is tllc subcarrim  radian f] Cqucllcy;  and n(t) is a

bandpass  white Gaussian noise ]Jrmccss. Note that 7/ (t) consists of lmth nois(! duc to

frollt-cild clcctrm)ics of tl]c rccciving syst,cln,  and noise duc to any background sources

ill tjllc alltlcnna>s  field of view. A more detailed discussion of tllc I)ackgmqnd ]Ioisc

is give)) in Cllal]tc]. 3, l’or now, wc sinll)ly  dcscribc the total  noise by its one-sided

INnvcr s~mtral density I(!vcl iV{,.

‘1’llc rcccivcd  radio  signal is gcnmally ol)cn-lool  } clo\iTII-(:OIIJ’(:  It(:(l”  to son ic  intcr-

]Ilcdiatc frequency before collcrcnt,  cl(:l~lo[lllltit,ioll”  t akcs I)lMx:. 1]1 [)rdcr to siull)lify

the almlysis,  wc will assulnc tllatf  all processing Iakcs place at I)ascl)a]]d.  ‘1’his rcl)-

rcsmlts  IIo loss of gcncra]ity, since t,l]c systcm l)cl  formal)cc should llotl dqmnd  on

t]) c frcqucn cy at wllic.}]  ~Jroccssing t akcs place. CollcrcIIt  syl]ibol dctcct)ioll  at basc-

ba~ld  requires clo~t’1~-cc)llv[:lsic)ll  by two local oscillators ill ldlasc quadrature. LJsing

a trigonometric idcntlit<y,  tllc two bascballd  sigl)als  (comlno]lll’  rcfmrcd to as the ‘fl’~

aI]d “Q” com~xj~lcllts)  call lx cx~mcsscd  as

71 (f,) ~ fi~~  CO S(LJbi + O’C) -- @,j(t) sqr(ti,.i  i 19sC) shl(w,t -t 0,) -t ?lI (f) (2.2)

where w~ is tlIc  lmcband frequency (which, by

the carrier l)owcr,  given by I’c = 1~1, cos2 A; l’lj

l?l, si]]2 A; aud n] (t) and TLQ(t) arc now lowpass

dcfinitiol], is close

is tllc data l)owcr,

(Jaussiall  r’aJIdoItI Imoccsscs.  N o t e

tl]at the I)ascband noise proccsscs each have sl)cct] al ]cvcl AT ~, a])d arc illdcpcndclkt.

‘~’ll(!sc  signals can bc rc~mscntcd  lnore colnl)actly as a sillglc c(unl)lcx signal:

i(i) = {l?; c(~~”-’ 0“) -+ j{};, d(i) S[]l(w$ci  -1 o$c)c(~~’’f”’ 0“) +- it(t) (2.4)

‘1’llis  coln])lcx  Ilotation  will subscqucnt]y  Lc used fr(cly  to rc~)rcsmt  a pair of baseband

signals.  ‘J’hc slmtruln of the bascbaud  signal f(t) is shown i]) l’igurc 2-1. Note that
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the signal  consists of a residual carrier tone at fn!qucncy  jb = 2m tib,  surrounded

data sidcl)ands spaced at odd multiples of the sulwarricr  frequency j., = 27rwsc.

n

fb = baseband carrier frequency

f~c= SUbCarrk?f’  fK?qUC?nCy

P
,C

n

by

-+-JJ-J+---+
b Sc f b - f

Sc o fb b Sc

l“igurc2  -1: Spcctmm  of bascbal]d tclcl[lctlysigl]al

Sy]nbol  detection rcquims cohcrmlt  carrier al]d sul)carrim  trackil)g, as WC1l a s

sylnlml  sy]lclllollizatic)ll  to drive the matched filter output,.  A I)lock  diagram of a

sing]c rcccivcr  is shown ill h’igurc 2-2. ‘J’hco~)cral  ion ofcacl)  oft}lcscb ]ocksiscasily

ill~lstl:~tccll  )ylls(:[ )fccl~lat,iolls.  Assulncfol  t,}lcr~)c)l  l~crltt  llatl)c~fcctcal  ricr,stlt~carricr

and S<y]nlm] rcfcrmlccs arc available. After  carrier clc]~lo(llll:itic)ll,  the signal  is given

by

-i (t) ii (t) v(t)

(2.5)

Figure  2-2: Single  I{cccivcr

‘I’llc:  clat,ais (:olltaillc(l sc)lcly  illtllc  ilTlagill:lry  l)art[)f

13
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this by tll]c ideal subcarrim  rcfcrmcc  tjhcn yields the data stmalll  alone, i.e.,

l“illally, lhc sy]nbo] sync} lrollizcr l)rovidcs  tilning  fm the Inatlcl)ml  filler, wl)osc outI)ut

is givml by

- 4- .——. l;)[l~ i ?l~ (2.7)

w]l~r(;  ~ d~:llo~,~s  t,]l~ SyIIIIK)]  index, and ~~ is t,]lc  symbol  duratioli.  IXOt(!  t,llall  th~

~. ‘1’hc sy]nlm] SN1{ is dcfi]]cd aslloisc outl)ut  of tllc matlchcd filtm has variallcc of };

the meal] of the ]natchcd filter output, squared divided by its varial]cc,  and is qua]

to 21’1j7~, /N{, ill the case whcm idea] rcfcrcnms  arc available.

2.2 Symbol SNR Degradation

111 ~)racticc,  ~xnfcct  rcfmmccs  for all thrm stages of syncllroni~jat  ion arc not avail ab]c.

Carrit!r and subcarricr  tracking  loops arc used to 1 )(!rform the (lclllo(l~llatio~l,”  and a

sy]nbo] syllclll’()]lizatlioll  loop  is mm] to obt,aill symbol timing. Syllclllc)llizatliC)]l  mm’s

ill cacll of tllcsc tl]rcc 1001)s  tl]us result  ill all SNR at the matched filter out,l)ut w]lich

is ICSS  tlhall the ideal case. Symbol SNR clcgradat  ion is ddiIIcd as the ratio  of the

actual  achicvcd  symbol SNI{ to tl](! ideal  symbol  SNR, and is used as a Incasure of

rccwivcr  ~)c!rfornlancc. A qual]titativc  cvaluat,ion  of dcgradat,ioll  fol a single  rcccivcr

is given in [1], and the main results arc sulllmarizc(l hem.

III tlhc l)rmcncc of lhasc errors in cac}l of the tfhrtw lool)s, tile IIlatchcd filter outl)ut

is givc!ll l)y

14



W}lcr(!  (/)c, (#)sc, ~)su am

d-”P#ik cc C.c (7,Y + Ilk (2.8)

the carrier,  subcar] icr, ancl symbol ])hasc mom in radians,

rcs~mtiw!ly, and the C factors am the signal rcduttion  functiol)s for each of t,hc three

1001)s. Note that, the total  signal  reduction fullctio)l can lx factored il]to thrm scpatatc

tmns, but the three Ihasc mm-s  arc, in g{mcra],  lloll-illclc~)cll(l(:l]t.  ‘J’hc symbol SNI{

conditioned on the ldlasc  crrom of t}lc

S’NR’ =

gilml  l)y

(2.9)

‘1’he ullml~ditiollal  SNI{ is foulld by takilig t}lc cxlmctatio])  of (2.9) wit]] rcsImt to

t)lIC various ])llasc errors. ‘1’hc tracking  lmrformaucc of cacl) of the thm 100IM is a

fullctio]] of its rcs~mtivc  loop SIVli, which is ddill(’d  as tl]c illvmsc of the steady-state

~)hasc  error variance. ‘J’hc 100]) SNRS fol the GII rim, sukarricr,  and symbol loops

arc rcs~mtivcly  givcll by

(2.10)

(2.11)

W}lm! I;c, ]1,., and IJsy arc the camicr, suhcar] icr, and sylnbo]  loop  bandwidths ,

rcsp(!ctivcly;  W~c and ll~~y am the sulxarrier  and symbol  windows; Ii’s is the symbol

mcrgy,  givml by ES  = 1’1~7 ~g; and Erf(x)  is the error  fu~}[:t iou, given by Erf(z) =

2/Jn J: c- ‘Jzdw. 11] cxpmssing  pc, it has I.mm assumed that, a Costas  loo]) is used for

carrier  tracking. q’hc second moments of the rc(luctio]l  fulictio]ls  arc rclatccl to the

100I) SNIls by the following:

(2.13)
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-.—
(,WC =.

{ -

1- 
4 --2-- -t -’~ -]- (2.14)

7r 71 p~c 712 psc

{ “- -

2 1 1. ..— (2.15)-Qv ‘ ] ‘- : ;p:y  ‘- i7i2 Psy
. .

wl)crc i dc]]otcs  c!xpcctation  of x, and l~(x)

order k. ‘J’l]c first ]IIo]ncI]ts of the subcarricr

nccdcd ill latm  analysis, and arc given by

dmlot(~  tllc Illodificd  lk!sscl function  of

and symbol rccluctioll  functio])s  will I)c

C,c ==
{

1--2- -–2
7[ Tp&<.

C,y =
{

“-?-l---~ -- -
21T 7r/1.,y

‘1’bus, tjllc(lcgla(latioll  f(Jlasillglcr  ccciverisgivcIl  by

(2.16)

(2.17)

(2.18)

Wllclc -c;:, qf) and qv arc follnd by combi?ling  (2.10) - (2.12) with (2.13) - (2.15).

2.3 FSC and CSC Arraying Techniques

WC ])o~ *)~ovi{]~  a ~ri~f i*l~*od~l~tio~]  t,o t)l~ f~l]]-s])~(:tr[Jln  (ol))l)i]lil)g a))d COIIl~)l(!X

sylnl)o]  (:olr~~)il)ing  ar~a~iJlg  S[:]ICJIICS1 which arc d(:scribcd  iil detail in [2]. Each of

tlwsc tmhniqucs  will be trcatld  in more dq)th  in sulmqumlt clia~)tcrs; here, WC mmdy

~mwidc a functional ovcrvi(!w to illustrate the basi(: concq)t  of array  il~g,  and to point

out tlhc Illain diffmmccs  htwccn the two schemes.

2.3.1 Full Spectrum Combining

l’ull-slxwtrum  coItJbining  is conccptual]y  tll[! Inorr  simple of tl]c two scllmncs Imillg

considmd.  A block diagram of I“SC, for all array of 1. antcn]las  is showII in l’i. gure

2-3. l~ollowil]g  (lowll-collv(:rsioll”  to bascl)alld, cacl] signal  is delayed by some alnount

T~ to comlmllsatc for differing arrival tilncs of the spacecraft, si~llal  at cad] alltcnlla.
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l“igum 2-3: II]ock diagram of full-s} mctruln coI1llJining

‘1’llc qual)tit)ics  Tz can typical]y bc collll)utcd  ill adViiIICC  froltl 111(’ sl)acccraft trajectory

and autolnatical]y  adjusted over the course of a tracking }mss. ‘J’hc delayed bascballd

signal  fmn the z~” antclllia is give]) by

Fz (i) = {l~~;~ ~(~ti’b~-l  ‘c;) -1- j{l)~j: d(t)  SC]l’(Ld$c/  +- r9~c)C!(~w’’t-t  ‘Ct  )  -1 ilz (t) (2.19)

Note  that,  the si.g~als  arc aligned in timf!, but that the earlier  ld]ascs UC, arc not

necessarily the same. Ileforc the signals may bc added collcrcnl]y,  J, - 1 of the signals

lnust lm ph asc-rotated. Wc will designate antcnlla  1 as the rcfcrcncc alltcnna,  such

that Fz (f) Inust l)c rotated by an amount  ~~lz $ (),1 _. OC, fol i ❑ 2  . . . 1 . .  F;stimatcs

of the relative ~)hascs, &i) arc com}mtcd ill real time by corlcl:~til~g  cac~l  signal  Wit}l

;] (i). Note that the combining block and t}]c carri(:r 100I) ~)crforln  disti]lct  but related

functions: tho former colnpcnsatcs  for the differential ~Aasc bctwcc]l  ?fhc various signal

pairs, whi]c the latter tracks  the conlponcllt of the phase colnllloll  to all the signals.

l’or now, assume the desired phases #li arc estimated pcrfcct]y.  }ach  signal is

~dlasc-rotated by the al)propriatc  amount and mult iplicd  by so]nc prc-spccificd weight
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&li, and the rcsul?jng sigl)als  am summed coherently, i.e.,

I!

+ ~ pzil,~( f,) (w’)”
i: ]

(2.20)

(2.21)

1{’jnally,  the combi]lcd  signal  is trackcx]  by onc cal Iicr , suhcarricr,  al)d syn]lm] 1001),

yielding an amaycd  sylnlml  stream giwm by

(2.22)

wh(!rc wc l]avc assulncd l)crfcct syncl]ronizatioll at e a c h  o f  t IIC tlllrcc stlagcs. It is

show]) in [1] that  wl~c]] the noises  from distinct an( cnnas arc ill(l(:l)cl](l(:llt,  the SNI{

of the almw m]m!ssio]l  k maximiz(:(]  if tl)c wcight,i]lg factors arc CIIOSCI1  to satisfy t,hc

conditjioll

(2.23)

in which case the ideal coml)illcd SNIt  bccomcx

2~’3 ~ ?iSNl{.Co,,lb = - (2.24)
01 i: 1

21’]),7;-.. . _-N ___ ~A (2.25)
01

A  1 ’1 5  IVQ
Wllcr(:  yz = j,-,,, Noi “

‘J’hc faCt,orGA  isknowl  a,sthc  a,rra?jl~ggai?l.  ‘~’~])iCally,  mltf!lllla

I is slmificd to bc the! antenna with the strolqyxt  signal (i.e., tllc IIighcst  l~f/No).

‘1’hc arraying gain then dcscrilm  Ijhc incrcasc in SNllovcr tlllat ac}licvablc  wit]] any

si]lglc  autlcnlla  in tlhc ar ray. l“or tlhc case of un(orrclatcd  IIoism, wc sm that t,llc

cflcctivc  ‘~fi of t)llc mnhincd  signal  is equal to the sum of tll(! ~’s of the individual
o
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2.3.2 Complex Symbol Combining

— - 1  —  r--—-- 1

k-..Zk
ALIGN CARRIER

AND

L

LOOP
COMBINE
COMPLEX
SYMBOLS

DEMODULATOR

L..—–.

1{’igurc 2-4: l~lock  diagral[l of con]l)lcx  symlml coI1ll)illing

A block diagralll of com~dex symbol coml)ini~)g  for an 1, autmllla array

l“igurc 2-4. IIcrc, the bascballd  signals arc tracked by scl)aratc  suhcarricr

IOOIN bcfom the carrier is coh[!rmtly  dcll~odulatc(l. ‘l’bus, tlllc l)ascbalid

OUTPUT

i s  s h o w n  ill

and s y m b o l

signal from

the it” antenna is first lnult,il)liccl  by the subcarrim  rcfclcncc flolll the it” subcarrier

loop, i.e.,

Lz(tJ) = ii (t) Sqr(w$ct + O.c) (2.26)

[

.-.
-——. 1{;, c@’~t+ ‘“t) sqr(u,ct -t o~c) -1 jd(i.) c(~ti’””’ ‘cl) -1 fL’(t) (2.27)

wllcrc, O)]CC again, wc have assumed perfect, sutmirricr  r cfcrcl](:c  for sinl~)licity. ‘J’his

signal is then passed through a matched filter, WI)OSC  tillling is obtained from the i~”

s.y~nl)ol  100]), yiclcling  a carrie~-l~lodlllatcd  symbol  stream  .givml by

iki = J---~’l)i c~(WbhYi+  “i) dk j- ?Lk, (2.28)

where wc IIavc ilnl)licity  assulncd that the carriel phase is nearly co~lst, ant,  over OIIC

sy]nbo] il]tcrval  (i. e., jbl~ << 1 ). Note that,  t,l]o residual (:arricr  term,
{

p;;, #JbH Ott)
)

j{)



multiliiml  by tlllc subcamicr  refcrc!nce intcgl  aim 10 m (~,

‘1’hcsc coml)lcx bascbaud  symbols are thcv) transl  Ikittcd  [10 a mitral locatioll where

t,hcy arc ~dlase-align(!cl,  wciglltcd,  and cxmlbillc[l,  as in the case of full slm:trum com-

bining. ‘1’hc cmnbiucd signal  is thus given by

(2.29)

A Imscbaud Cost,as  100I) is finally used to dmodulatc  the carrier, aud the arrayed

syl]llm] strcalll  is given ly

OIICC  agai]l,  whcII  the  no ise  at,  sc])aratc  a]ltcnnas  is indc]mndmlt,  tllc SNT1{ o f  ( 2 . 3 0 )

is ]tlaximixcd  l)y setting the weighting factors acm:ding  to (2.23). ‘1’hc ideal SIN]{ of

thcarray(!d tclcmct)ry  isthcn givc)l by (2.25).

2.3.3 Comparison of FSC and CSC

WC have scml that the ‘(ideal” sy]nbol  SN1{ is t,hc same for full slx:ct,rum  coml)inin. g

and co]l]~dcx symbol coml>iuiug  iu the ahsmlce  of corrclatml lloisf!,  ‘1’his result follows

from illtluitioll; if dcmodulatiou  aud colnbiuing call h! acl)iew!d ~mrfcctly,  it should

llot lnattcr  in which ord(!r the various processes tak(: p]acc. ‘J’llc  salllc reasoning holds

for the corrclatmd noise case: the ideal  syml)o] SN1{ will bc different from (2.25), lmt

will bc iudcpcudcnt  of which schcmc  is used.

The ~)crformancc  of the two tcch]liqucs will, however, k difl’crcllt when sy]lchro-

nizat,io]] IOSSCS arc accounted for. Note that  when tclc]nctry  is arrayed, syllchro~]iza-

tion losses arise froln iln~mfcct  carrier , subcarricl,  aud symlml  tracking, as W C]] as

errors i]) ldlasc-aliglliug  t]ic signals. in full-spcctlum  colnl)illi~lg,  tl]c loop SN1ts of

each of thccarricr,  subcarricr,  and symbol loops arc iucrcascd by alrayillg  the signals.

lly colltrast,  ou]y the carrier loop SNli  mjoys  the llcncfit of tll(! amayil)g  gail] iu coln-

ldcx sy]nbo]  coml)inill.g. IU addition, the subcamicr  and sylnbol  looI)s Inust operate

20



in tl]e abscucc  of carrier  lock for CSC, resulti~lg  in a furtllcr  rcdudicm  in 100]) SNl{,l.

‘1’bus, 10SSCS duc to subcarrim  and symbol tracking  arc higl]cr for complex symbol

conll)i~lin,g  than for full spectrum combining. ])iffcre,nccs  ill tllc ln(!thod of combi]}ing

similarly lead to diffcrmlt synchronization losses.

SyInl)ol SN1{ degradation is used as a ~ncasure of relative lwrforlnacc for the two

scl]cl]]cs. Sinlilar to the case of a single 1 ,wcivcr, (Icgradatioll is dc!fincd  as tllc ratio

of tllc actual  to ideal arrayed  sylnbol  SNI{. l)cg)iidatio]] for eacl) of tllcsc arrayin~

scllcm(!s  has lxx:]]  al)alyzc!d  in ~)ast literature for tlllc case where t l]c l)ois(! cncountcrcd

at the various alltcllnas  arc illdc~mndmlt  [2]. WC will lat(!r cxt,mld  this allal ysis to

illcludc  tlll(!  case of arbitrary noise corrclat ion bct)wccn  tho viuious  antmlnas.

Wc IIotjc tlla(j  the effects of correlated noise ()]] array  illp; call  lx! sc]mratcd into

two diffcrcntl 1 )ut related factors. ‘J’lIc first is t,lkc ideal arraying  gain, whic]l wi l l

lN: dclmldcntj on the correlation ~)ropcrtics of t})c noise itsc]f, but indcpendmt  of

which schclklc  is used. ‘1’hc second is the d(!,gradattion,  wllicll  will depend on t}lc noise

l)ro~mrtics  as WC1l  as which arraying tcchniquc  is used. Eacl  of tl}lcsc will be analyml

in turn  in Chal)tms  4 and 5; wc presently turn 10 a discussion of radio sources to

CICVCIOI)  an a~)~)ro~)riatc  model for comlatcd  noise duc to a co]lllklon  background.

1 Moc]ific~  Su])carricr and s-ylll~o]  ]1.x)~)s  have  bcCII cIcv[’]opcd  fOI UsC ~ritl~ coIn~)lCx sylllt)O1 cOlll-

l)illillg. 2’lMc 1001M  utilize  inforlnation  in bot]l the I ancl Q comj)cmcnts  of the complex sijy]al  to

recover some  of the loss in loop SNR due to tile almvlcc  of carrim lock. l’hc  relevant details will bc
]msmkcd  ill Chaptm 5, where CSC is analyzed in furthe]  detail.
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Chapter 3

Modeling of Background Noise

‘1’his  cllal)tcr covers lmsic co]lccpts  nccdcd  t o chara[:tcrizc noise (Iuc to radio sources.

‘1’llc first scctioll  IJrcscnts terminology uscxl in radio scjmlcc to dcscrilm  broadband

sour(m, and SIIOWS how the cff(!ct of backp)round  IIoisc! 011 a si~lg]c rcccjving systcm

call l)c accounted for by an equivalent soumc icmpcratum  l)] llJc second scct)ioll,  wc

collsidcr  tllc effect of a noisy  lmckground o]] a pai~ of antc~l~las~ using illtcrf(llolll(:tjly

tlhcory to coml)utc the cmss-corrclatio]l  function of the rcccivcd  Iloisc wavcfor]ns.

Scctio]]  three cxtc]]ds  this analysis to a baseband rcccjving syst(!]n, which will be

assumed for the rcmaindm  of this work, ]“i]la)ly,  s[!ction foul 1 )rcs(!nts the results of

all cxlmimcnt  that was conducted to illustrate t,l)c basic ~)rincil)]cs  outlillcd in t}lis

cha~)tlcr.

3.1 Background Noise in a Single Receiver

In dccl)  space (:ollllllllllicatJic)lls,  signals arc gcncral]y assulncd to Im rcccivcd  through

an additive whitlc  Gaussian noise cha,nnc]. g’hc n( )isc lcwcl iu a mmiving  systmn is

commonly characterized by a systcm tcmpcraturc+ 7~yS. ‘J’lIc ollc-sided power sl)cc-

tral dcnsjty  of the noise is then given by AT,, == k7LV,,, whcl c k js IIoltmnan’s  constant.

IIackground  sources such as plallcts  arc tyl)ically Imoad-baud, and have an emission

S]mtlrum that  is rcasonab]y  flat over a frcquemcy ] angc of intlcl  cstf. l{cccivillg  band-

widtl]s for dccl)  sl)acc a~qiicat,ions  arc typically no greater tllal~  1 ()() hflllz, over which
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t h e  backgroul]d  IIoisc can csscntial]y bc collsidcrcd white. ‘1’llus, t})c n~isc lcvc] col]-

tributmi  i)y tllc background can be dcxmibwi  by a backgrounci  t (!lnlmat,ure, 7~, w]licll

Illcasurcs t,llc colltril)utioll of tllc source to tjhc totl:ll  syst(!nl lloisc. 1 Icrc, wc SIIOW how

this tlml~wraturc can bc coml)ut,cci  from nlor~!  pllysical]y  illfollnat,ivc  characteristics

of the Source.

A ra(iio source is g(!l)ma]] y dcscriimi  by its br~flhtnc!ss  di,$trihltion,  ~1({~, (?), whic]l

IIas units  of lV/7n2/)lz/s7-  1. ‘J’hc variables  ~~ all(i  O in(iicatc that, briglltlllcss rcfms

to a ~);llticlllarciilcctiO1l;  a~) arbitrary source may have so]])c lmrt,s that radiate more

stro]lgly than  othm. ‘1’hc total  strength of th(! source can 1.)(I ]llcasumi  by its~lux

dmsity,  S, which  is cqua] to the brigllncss (iistril)ut,ion  illtcg[atc{i  ovc!r tllc angular

cxtf(!nt  of the source, i.e.,

where t,hc illtcgrat,iml  variable Q dmlot,cs intc!grat,ion over a solid ang](!. ‘1’lIus,  the

ul]its of fiux (icnsity  arc W/Tn2/J1Z.  Note that th(’ flux ciensity of a ~)articular  SOUICC

[icpc]l(is on its [iistance froln Earth; tllc closer tile source, tfll{! larger soli(i  angle it

subtmncis, and hence  the larger the fiux density bccomcs.

‘1’hc noise icvcl  duc to such a source as observed  by a rccciving  antenna can k

(icscrii.x!(i by a backgroun(i tmnpcraturc,  as discussed above,  w]lic}l is given by

(3.2)

where AC is the cffcctivc collecting area of tllc antcl]na,  and l’~(q’~,  d) is th(! norlnalizc(i

alltclma rcccption  ~)attml. ‘1’bus, the colltributit  ~n of a Lackgrounci  source to total

systmn ]Ioisc  [iclxmds 011 the strength of tflle soul cc and its ~)osition in the antexlna

pattcrl].  l“or tc]cmclry  a~)~dications, the aritmina  is point,c{i  at the sl)acccraft, so t,h~!

contribution of a given source varies with its anglllar  scq)aratiolI  froln the spacecraft.

‘1’his  situation is cicpictmi in Figure 3-1.

1]] the worst-case scenario, tile source-to-spacecraft angular separation is zero or

—.
] ‘1’IIc ul]itj sr stands  for stcradian, which is a ~neasuxe  of solid angle.
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h~separation angle

/’ background source

<

antenn:i  pattern

l“igurc3  -1: S~jacm-aft  and background sourccin  con)]])on Imaln

Ilcgligibly  slnal] comlmxxl to the bcamwiclth  of  tllc alltc]]na. ‘1’llc alltcn]la I)attfcrn

tcrIJl, J}N, tl)c]] alqmachcs  unity over the illtcgral, and

11~ == ;;
//

I]((f), (’))(K) (3.3)

A.—.. -- s
2k

(3.4)

All up]m limit ou the total  systcm tcmpcraturc  that a sourm  call cont,ributc call

thus bc comI)utmd frolll the flux density of the sourm  and the cffcctivc area of tllc

rcccivillg  an(lmlua.

3.2 Simple Radio Interferometer

Wc Now tur]l to the ]mlmrtics of comlatcd  background ]Ioisc as observed by two

alltenna,s. Spccifical]y,  this section computes t]){: closs-colr(:latioll  fullct,io]l  of the

I]oisc  duc to tllc source. A ~Jair  of autcnnas  basi(al]y  bc])avcs as all intcrfcromctm,

and comlmtation  of the cross-correlation fuuction  follows frorll fulldamelital  J)rincil)les

of illtjclfcrolllctjry. WC start by considering all ovcrsim}difiwl  Inodc] for illustrative
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p u r p o s e s , and then gradually lnove to onc tlhat more accurately dcscrilxs  all actual

rwcciving systjcnn. ‘1’hc discussion below lnwvicles  a pymcral idea of ihc issues  involved,

aucl  is not meant to bc a rigorous treatment of tllc subject. A n lore thorough analysis

can bc found  in a text on radio astronomy, such as [6]

Consider two aldmnas tracking a distant radio sourcm, as dcl)ictcxl ill F’igure 3-

2 .  ‘J’hc rcccivcd n o i s e  wavcforn  IS a r c  filmed by SOIHC  fro] It--m ld f i l ter  cclltcrcd at

/
/

/
/

/ /
/ /

/ /
/

\

/
/ Dl) /

/

,D /
/

B“ E

e

1{’igurc  3-2: Antenna l)air tracking distant sol]rcc

frequency jO. Sillcc the rcccivcd noise is white, the form of tllc correlation function is

dctcrmincd  solely by the characteristics of the frolit-cnd filters. ‘1’}lc cross-correlation

function of the noise  waveforms is defined as

Note that 7L1 (t) and 112(t) call bc taken to be the ]Ioiscs  duc to thf! background source

alcnlc or the total noise waveforuns  at antennas 1 and 2, si]lcc tllc noism duc to frollt-

cnd clcctmnics  arc indcpcndcmt.  in the case of a simple poilltl source, the mccivcd

wasmforms  arc identical cxccpt for some geometric delay 79. ‘1’IIc cross-correlation

functio]l  thcll takes the form

(3.6)



/

where G(T) is solnc function dctcrmiucd  by th(! sllapc of tllc front-end filtms. F’or

cxaml)lc,  in tlhc case of a rectangular passballd  of one-sided bandwidth  lJ, 6’(/) would

bc given by sin nl~f./ni.  [Jndcr ty~)ical  conditions, ( hc rcccivillg, t)alldwidth  is Irluch

slnallcr  t,harl the ccntlcr frequency. Thus, ihc corrc]al ion function  consists of a slowly-

varying cmdol)c  modulatlcd by  a rapidly-varying sinusoid at the cmltcr frcqu(!]lcy of

t]Ic ~)assl)alld. ‘1’lIc lat,t,cr  is r(!fcrrcd to as the delay  pdfkm, w]iilc  tllc forlncr is tmowll

‘1’hc gcolnctric  delay is duc to tlhc diffcrcncc  in path l(!l@hs  froln tllc source to

cacll of (Ihc two antcnlias.  l’roltl Figure 5, it is rcadi]y sccJJ  thal T:g can I)c cx~)rcsscd

as

Dsintl~g ,-. _- - _- (3.7)
[’

wllcrc ]) is the sc~m.atiol) basclil)c  bctwccn tllc two antcnllas  ill IIlct(H.s, O is the allglc

a s  SI1OWII ill 1~’igurc  5, and c is th(! s})ccd  of light. ‘1’hc corrclat,ioll  function  tl]us Iias

both a tmnlmal and s})atial  dcpcndcnm. To considm the ctl’cct of varying the angle 0,

tlhc almvc qualitlity  call lm mpandcd  ill a first-order ‘J’ay]or scri(!s  about  solllc rcfcrcncc

j)osition  O.:

79%  ~ (si~l  00  + 0’ (Os O . ) (3.8)

whcr’c ~ = do -1 ()’. NO W  ]ct OJIC  of the siglla]s  bc d~:laycd by SOII)C amount  T9CI Cqua]

to the gcom(!tric  delay at ang]c 00. ]nscrtillg  (3.8) into t}lc  shifted cross-corrc]ation

function yields

R(T> 0’) = G’(T --:0’ Cos 00) Cos 27r,fo(T – :0’ (:os 00) (3.9)

‘1’llis  function is j)lott,cd as a fllnct,ion of 19’ for a fixccl va]uc of 7 ill Figure 3-3. NTotc

that tllc quantity l~j, =- l) cos 00 is the ~)rojcctlcd  bas(:linc  in the ciircction  of tllc source.

(See Figure 3-2) ‘J’hc sl)acing  bctwccn the oscillations  is g;ivcll  lry U) =- c/.fol)),. ‘1’his

quantity, known  as the fringe sl)acing,  has important imIdicatiolw for tllc measured

)Ioisc corrc] atlion duc to all arbitrary sou lee. Recal l  that the cxlmcssioll  giv[!ll ill

(3.9) was dcvclopcd for a ~mi,lt  source. 11) gmcral,  the corre]al  ion functiol] duc to a

source of lloll-illfil]itcsil!lal  size will have to bc coll]put[!d as an itltcgral of t}lc above
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WhCIC G(T) iS S0111(?  functicu)  dctmrmil]cd  by t}l(!  Sllil])(!  of tll(! fl’ollt-(!lld  filt(!lS. }{’01

cxam~)le,  in the case of a r e c t a n g u l a r  passl)aIld  of onc-sidcx] balldwidtlh  1;, G(t)  would

be given by sin 7rllf/7rI.  (Jnder typical conditions, the rcccivillg, I)alldwidth is much

smaller than  tllc center frcqu(!ncy. ‘1’bus, the corrclat ion functio]l  co]lsists  of a slow’ly-

valyi]~g ~llv(:]o])~  ]]lo(]~]lat,(:(l by ~ ~a])id]y-va~yiI1g  SiJILlsoi(] at, t,h(:  (XllltC1’  fl”C(lU(!lJCy  O f

tl]c  ~)assballd.  ‘1’11(:  latter is rcfcrrcd to as the May jmtkrn,  v’llilc tl)c fonncr  is known

aS th~  ~1’i?l.9C ])(ltth?l’11.

‘] ’])(!  .&!omctric d(!]ay is duc to the diffm cmcx!  in IJath lcIiglhs froln t]lc source to

cac}l of the two antx!nnas.  l“roln F’igurc 5, it is readily sew) thai To can Iw cxl)rcsscd

as
Dsin O79 ,-, ---- _..- (3.7)

c

Wll(!rc  l) is the s(q)arat)i(n]  l)aselinc  I.)ctwec]l  tllc two iiIltCIlll  M ill Illctlcrs, O is the allglc

as show]l ill l“igurc  5, and c is the s~md of light. ‘1’hc corrclatliou  functio~] thus IIas

both a tclnl)oral and sl)atial dc]mndmcc. ‘J’o consider the cfrcct of varying the angle 0,

the shove quantity  call be cxpalldcd in a first-ordm  ‘1’aylor sc!rics about solnc r(!fm!nce

position 0~:

79 w ~(sin 00-1 d’ cos(lO) (3.8)

WIK!IC O =- 00 -t 0’. N OW M onc of the signals be delayed by SOIUC amould  TQO eq(lal

to tllc geometric delay at angle 190. lnsert,illg  (3.8) into tllc shif’tcd  cross-correlation

function yields

R(7, 0’) = G(’T - ;0’ Cos 00) Cos 27r.fo(T -- {0’ cm o~) (3.9)

‘~’hiS fU1ld,iO1l  iS ~)]Ottd  as a fUn~tiOll  Of d’ for a fixd Valllc Of 7 ill ]r@l’(!  3-3. Note

that  the quar]tity  D]) == l) cos 00 is the projected baseline ill t}lc  direction of the source.

(See l’igum 3-2) ‘1’he spacing between the oscillatitms is give,] I,y m =- c/joJJF,. ‘1’his

quantity, known as the fringe spacing, has important inll)licatiolls for tl]e measumd

Iloisc correlation duc to all arbitrary sourm. IU’cal] that, t}]c exl)ression  given i n

(3.9) was dcvelo]ml for a ~,oil]l  soum!. In general, the corrcla(ioll fu~lctioll due to a

source of IIol}-illfillitesilllal  size will have to bc colt Iputcd as all integral of the above

2[i



0’

F’igurc 3-3: Cross-corrwlatiol)  as a functlio~l  of @

cx])rossion  over the angular extmlt of the body. If the body bcillg olmmwd subtends

]nany fringe cyclm,  then the measured corre]atiol]  tends to m o duc to the averaging

cflcct of the sinusoid. Such a bociy is said to be molved by the amay.

l’igurc 3-4 shows the intcrfcmncc  ~)attcrn forlllcd  by two antennas against a sky

background. 1 lmc, it can t)c sum that, the angular size of the source relative to tllc

frillgc sl)acing  is what dctxmnines  whether or not the source is resolved by the array.

U’or a given sourm  and observation frwqumlcy,  the length of IIIC basc]inc  determines

tllc d[!grcw to which t }m source is resolved. Cmlsidcr a source having an angular

radius of ]/., radians observed at some fr(!qucncy  jO HZ. III tllc long ~asclinc  limit,,

wllcrc 1~1, >> c/jOlis,  the fringe spacing is cxtmncly  s]nall compared to the size of

the source, and the noise  correlation tends to m o. By colltrtist, for extremely  short

baselines, such that 1~1, << c/~OR.,  the (!ffcct of 1 hc avcragillg  sinusoid  is negligible,

and the l~oisc correlation is maximized. ‘1’bus, the degree  of l~oisc correlation observed

dcImds  llcavily  on the gconmtry  of the array. ‘1’llis  point is stressed in [3], where it is

stated that,  tll(:  Inorc  compact the array configuration, the gmatcr

l~ackground  })ody 011 the array. As an cxatnp](!,  consider olmrvi~lg

the impact  of the

Ju~)itcr at S-band
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~F+

estimate phase

l’igum  3-4: N’ril)gc  patteml against,  sky background

(2.3 Gllz).  ‘1’hc ~)]auct’s al]gular size varies with its distallcc  to earth,  but  a tyl)ical

value is 10- 3 radians. An antenna scq)aration  on tl]c order of a fcw hundred mctcix

would tl)us bc required to observe a mcasulab]c  dc[;rec of lloisc corrclatioll.

At t,llis  lmint, a more genera] expression for the cross-corlc:l:itic)~l  for all arbitrary

sourm  can bc ~)rcscld,cd.  lt is shown in [6] that R(? ) can I)c CX1)IWSSCC1  as
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alltcnna  rccc])tion  patterns in the direction o, A ~, aIId AC* arc tlIc cffcctivc  areas of tl]c

t w o  a n t e n n a s ,  l)(o) is the h-ightncss  of the source in tll(: dircctio]l  o, l;& is the })asdinc

v e c t o r ,  a n d  do i s  the  dcmcnt o f  s o l i d  a n g l e  ovm  w h i c h  tlI(I  i ]it,cgral  is takc]l.  N’otc

t h a t  tfhc cflcctl  of s])atial  v a r i a t i o n s  o n  the dday ])at,tcrn  t,crl]],  G, ]laS 1)(!01 IIC@Ct(X1.

‘J’his  al)lJloxil~~ati(J1l  is justified if the rcccivcd sig]lals arc narrowl)alld, since the delay

t)crln  then varies much mom slowly than tllc fringe term. ‘1’his call  bc seen gral)hically

in l’igurc 3-4; over the integral, t,hc cnvclo~w  of ttlc ixltl[:lf(:rf)l(l(:tjcr  rcccption  ]Jattml

is csscntial]y constant,  w}lilc the sillusoida]  coml)o  I]cnt is Illorc (l(li(:kly-t’aryi~lg.  111

addition, it has km assumed that the correct, .gyomctric  delay has bm) inserted to

comlmnsatlc  for the diffcrcntia] ])athlcngtl] to the source.

A uscfu] quantity known as the com7dcx  visihflity  call lxI d(:fiIIcd as

. .

as

d ‘---AciAck
~t(T) =: -  ‘2–#’(T)l\fl  (“OS(2T_joT  -  +,,)

= ClG(T)  cos(2nfoT  (jV)

(3.11)

(3.12)

(3.13)

w}lcrc  AC] and AC2 arc the effective collecting arms of the two antennas. ‘1’hc variable

~ =: @~~~ 1~1 [ has l)CW]I introdll~~d  for notational  convcllicllcc,  and is the cross power

sl)cctral density between the two Ilois(! waveforms, havil]g  units  of VV/112. NTotc that

V has the same units as flux density (W / 7TL2 / IIz). ln tlh(! u])])(u  limit, all terms in

tlIc intcgrand of (3.1 1 ) cxcc])t  the source bIightncss  a])proacll  uI)iLy,  and V approaches

the flux density of the source being observed.

3.3 Cross-correlation for Baseband Signals

As discussed in Chapter 2, wc arc assunling  that all processing takes ~)lacc at base-

band. ‘1’bus, here wc coln~)utc the cross-correlation for the equivalent baseband sig-



nals. llccall  that  each bandpass  1{1” signal is dowlI converted }Jy (IWO oscillators ill

phase quadrature, resulting in a pair of bascl)and si{’,na]s. Corlsiflcr rcprcscnti]lg  the

bandpass  signals as

IL] (1.) ~ :cI (f) cos wot -- gl (f) sin Wot

~72(i)  = .Tz (t ) cos wOt -- 92(i) sin WO1 (3.14)

W)l[!I’C  IA)o  :“ 2~ jO, ]  ,d ?~]  (i) a n d  ?l,z(f,)  b~ ba]ld])asS  {;allssiall  ]’aIldoIIl  1)1’o(;(!ss(!s (l(!]]-

tcrcd i]] frc(p(m.y  at j{,, WI(I having  sl)~(:tral  Icvc:ls  ~01 all~l ~[)~, r~!sp~(tiv~l~.  Jt i s

SIIOWII  in [ 4 ]  tjllat Zi (f) and yi (f) am thc]l  lowl)ass  Gaussian  random ]mxcsses  wit,]]

s1m4ral ICVCIS 2NO:, and that xi(t) and y~ (f) arc uncorrclatcd  for all i (i = 1, 2).

l’;x~)rcssillg  the (:ross-c[)llc:latlicll~  function ill terms  of these low~)ass ))roccsscs, wc find

R,L],7,Z (T) = E[?L, (i)?tz(t -- T)]

: ~ (]{7, ,T2(’7) ‘{ ]~vI,@(7’)) ~os  00T ‘t- ~“ (~?Z1)T2(~) - ‘t7J],?/2(7 )) cOs(2wOf  - %7)

-i ;(%,T2?(T)  ‘- m’1,,,2(7)) si~l%T  ‘- ~(%I,x2(7)  ~ ~tTI,v?(T))  sin(QW,,i  - UOT)

(3.15)

‘J’his  can now k rclat[!(l to the form of tlhc cross-corlel:]t,io~) fu]lctim]  found  f r o m

scct,ion 2. Assuming tl]c  fixed delay is not inscltcd,  wc know 1{,,1 ,,,2 takes t,hc form

]{,, ] ,,,2 (T) == (@(T ‘ -  Tg)  ~os(%7  ‘-  d~,,)

..— &’ (T  –-  Tg ) cOS & COS WOT -! aG(7 -

‘1’IIus, the cquivalcnc(!  htlwccn  (3.15) ancl (3.16) holds oltly

conditions arc true:
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comlation  function for tlhc complex hascballd  noise observed at a single  antfcnl]a.

S~mifically,  for noise with a onc-sicled  powm spectral dcnstity  lmwl of NO W/11x, the

autocorrclatiml  is given by

N,,,,(T) == E[n(t)n*  (i --- 7)] = NoC;(T) (3.20)

1,01 tllc cor7clatioTL  coc~Jcic71i lxtwccm  tllc  noise at two aIllcIl]las  Iw defined as

/). -._!f:\-.=
J - (3.21)

N;,l No,

)y assuming that tllc soum!  is ill tllc peak of Imtll

alltcnna  l)attcms, and is very slnal] colnparcd  to I,]}(: fringe lwriod. lli this case,

4- “---”Ac, -4,
Ck =- -–- -----

s
2

. . . kJT& (3.22)

Wllcrc!  7:1 a n d  7;Z arc tlhc system  tmnpcraturc  in(mascs

i~](lividual antcnllas.  Ccm~illiI]g  (3.22) with (3.21) yields

due to tllc source at the

(3.23)

where 7; a~ld 7’I arc tlhc total systcm tcmpcraturm  at the two a,ntxnlnas.

3.4 Experimental Data

‘1’o illustrate tllc basic concepts of noise correlation [Iue to a comInon  background, an

cxpcrimc!llt  was conducted usi~lg  two of the IMN’s antennas at tl)c Go]dstollc, Cali-

fornia colnplcx.  observations of 3C84,  whit]] is a Lnx}ad-ba])cl radio source, were made

at S-l)alld (2.3 CT IIZ) from a 70-m and 34-1I1  dish al)tcnna. ‘J’hc si~;na]s were down-

convcrtcd to ])ascl)and,  filtered to a one-sided lowl)ass bandwidth of 115 kllz,  sampled

at, the Nyquist  rate of 230 kHz, and rccord(!d on magnetic tal)c. ‘]’hc recorded signals
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wcm t,hcn ~JIoccssd  cm a S u n  workstatio]l  to co]llpute  t h e  co]rdation  a s  a  functio]l

of time. h’igure 3-5 shows tllc normalized correlation p and tlllc ]ncasurcxl  visibility

~)llasc  over a lmriod  of apJnwximatc,ly  8 1/2 minut,cs. A 0.1 scco]td intmgratiorl  tirnc

was used to cst,imatc  the corrclat  ion for (!ach Jmi nt. ‘1’hc shar]) transition aJ)JJroxi-

Inatc]y 1 lninutc  from the start illdicatc!s the tinle onc of t,llc alltc]lnas xnovcd fro]n

off’ the source to J)ointing  at it.

P

0 . 3

1

0.2!5

0 . 2

0 . 1 5

0 . 1

0 . 0 5

@

(degrees)

——A  –k—  o — . . . . . . . . . d..
2 4 6 8

time (rein)

1

1

1

-1

time (rein)

X’igurc  3-5: 13xJmirmntal correlation data  fol 3C84

Ii’or t]Ic 70-111  autcnna,  the source tcmJ)cratul  c was rncasumd to bc T,l =- 35.81{,

and the total systcm tcmpcraturc  (including the st)urcc) was mf!asurcd  at Ii == 50.31{.

‘1’hc corrc!sJ)ondillg  tm~J)craturcs  for tl]c 34-11 I alltcnna  wmc Yj2 =- 7.861{ a~ld 7; =--

40.961{.  Note that the contribution of tllc radio source to (I]c 70-in systcm tcmJ)cr-
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aturc is roug]]l} four times greater duc to tllc ratio  of the collcctill,g arms. llascd

m) these I)ulnlmrs, tl]c ulqmr lmu]]d for the correlation cocfficimt, using (3.23), is

p ~ ().37. ‘1’llc ln(!an  corrclaticm  coefficient mcmured  is a~)~noxilllatcly  0.26.  ‘J’his

diffcrcmm! call bc cx~)laincd Ijy tjhc “resolving” e f f ec t .  Tl)c ~Jhysical sc~)aration lm-

twccl~  the two antmnas is 500 m, frolll which wc c{)ncludc the frillgc spacing, .givcn

].)y U] ,. C/jC)~)l), is 011 tll(! ordcr  of 3 x 1 0- 4  
radialw.  ?’hc  al]p;ular  s ize  of  3C84 i s

com])aral)lc  to this, being al)~noximat,cly  1 x 10-3 radians. ‘1’bus, some dccrcasc ill

the correlation is cxlmctcd due to averaging over’ tl]c fringe oscillations.

‘1’}lc above cxalnldc illustratlc  show physical paramctm  such as sourw size, l)asc-

]in(! lcngt}l,  observation frcqumcy,  and source aud systcm tclll~)(~l:itllr(!  can bc com-

l)incd to forlu a roug]l  cstilllatlc  of what dcF,Icc of IIoisc corrclalioll  can lw cxlwctwl

for a givml  scmlario.
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Chapter 4

Full Spectrum Combining

Performance

‘J’his cl]al)tcr  cm)tlains a  qumt,itativc  cwaluat,ioll  o f  f u l l  sjmctru]ll  co]nbi]]in,g  ]mrfor-

Illallcc  ill tjhc ])rcscllcc  o f  c o r r e l a t e d  noise.  III ~llil])tC1’  2, i t  w a s  I]otcd  t h a t  botl]  t h e

ideal arraying gail], GA, a~]d the arra~ill~,  d(!gradatio~], l), arc d iflkrcrlt  wl]cn  corrc-

latfcd  Ilois(! is  ]mxcl]t  rclatlivc  to  th(! c a s e  o f  uncorrclatcd  I1oisc.  Scctioll  1 e v a l u a t e s

(;A iIl tCIIIIS  O f  thC llOiSC!  COIIClatiOIl  paIaIIICtCI”S  plj a n d  7./I~j  d(!SCI”ibCd  iIl t}lC }Ml!ViOUS

cha])tcr.  ScctioIl 2 thc~l  computes the cic!gradation  duc to ilnpcrf(!ct synchronization

for full slxxirum combining, l~~~C. We mill  see that a ]najor difficultly caused by

tllc the noise correlation is the issue of ~)llasirlg the array. ‘J’llc  colwentional phase

csti]natioll  schcn]c, discussed in [I] and [2], is dc’,scribcd,  and a modified Incthod to

offsctl  the problclns  caused by noise com!lation  is proposed. An expression for t}lc

arrayed sylnbo]  SNIL, taking into account ~)llasc-:lliglll~lcllt  wld demodulation 10 SSCS,

is then in’cmltcd, and the degradation is computed. ~’i~lally,  the analytical  results

arc com~)arod to values  obtained by simulatio~l  ill Scctiou  3.

4.1 Ideal Arraying Gain

Consider arl array consisting  of 1. antennas. Recalling the signal format for deep-sl)acc

tml(!lnctry ~m:sclltcd ill Clla~Ac!r 2, the colnplcx  baseband sip,na]  froln the r?’ alltclllla
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can bc cx]msscd  as

l“rom (2.21), the coml)illcd bascl)and signal  fm full slmctrul]]  coll]l)i]ling  call IK: f!x-

])1’(!ss(!(1 as

I,

WIICIC  wc lIavc assumed the ii” signal  has l)c(!ll pllase-rotatc(]  lp~ an amount  ~)lz to

cwll}xmsatc  for tllc difrcrcllcc  in carrier phase! bctwmm tl]c lsl and iL}L alltmma. If

all the noise l)roccsscs  i~i(l)  arc ll~l(:c)rr(!lal(:cl,  the SNli, of the

Inaxiltlizcd  if the weights ,& arc chosen to satisfy tllc condition

colnbincd signal  is

(4.3)

for i=].. .1.. Note, llowcvcr, that this is TLoithc optimal clloicc of wcigllts  in the

case of corrclatlcd  noise wavcforlm.  F’urtJlcIIIIorc,  tlIc opti]na]  c}loicc  of phases usccl  to

array the signals is not noccssari]y  the relativ(! signal ~)hascs,  (#~li. lJsillg the phases ~Ui

will certainly maxinlim  the arrayed signal power, but not ncc~!ssal  ily t,llc ratio of signal

to noise l)owcr,  which is the relevant criteria for optilnization. ‘J’llc l)robl(!ln of ol)tima]

colllbinillg  wcigllts  and ~dlascs  for sigylals  with com:latcd  lloisc IIas been a~lalyzcd ill

[7], Wllcrc! tl]c rcsultfs arc a~,~,licd  to an array of a,ltc,lna  feed clmncl)ts.  l]owcvcr,

colnput,atiml of t,llcsc wcight,s requires knowl(!dgc  of the pairwisc corrclaticms bctwccn

tll~ lloiscs, [Y2j(’jW;  . A schcmc can bc clcviscd to CSI imatc  the rvquimd ~)aralnctxm in
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lx!a] tilllc  al]d modify th(! weights accordingly, but would sigylificarlt,ly  complicate the

problcl]l.  our goal, instead, is to dclmminc  the pcrformallcc  inlpact  of the comlatcd

noise assultling the traditional colnbining schcmc is usccl.

q’hc total combined signal l)owcr,  1~1, is given by

If the wciglit,illg

l) CCOIIICS

1?] P N[3co,,t~  \‘t)] E[;;(,,),b(t)] (4.4)

factors arc chosen according to (4.3), l,I)c colnbi]lcd  signal l)owcr

(4.5)

A  Pqj NOl
w]l~l’(1  ~Z ‘ 7;7,, No, “

jlllap;jllary  I)ar S of tllC  COIIl-‘J’llc  mlc-sided powm sl)cctral clcnsity of the real and

bincd  IIoise is given by

No Q &;[fic{),7Lb(t)  fi;(),,,b(~), (4.6)

where IJ is the one-sided bandwidth of t,llc ]Ioisc wavcfoms.  Note that the factor

of two ill the dc]lominatol  of (4.6) results from tll(! fact that the real and imaginary

~Jarts of the noise each has half the power of the complex noise. }“rom the definitions

of ]mwcr spectra] dcllsity al]d cross power spectral density, it follows that

E[iiz(i)ig(t)]

h’[fiz(t)il; (t)]

Equations (4.2), (4.6), (4.7), and (4.8)

density of the combined noise, yielding

[ I I.

z z 2N,,a B (4.7)

== 2cY#u  B (4.8)

can bc m)nlbincd to find the power sl)cctral

(4.9)

\ ~.#3
/
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The l~l/NO  of t] e combined signal is thus given by

lj (>:: , %)’‘?Ji  . . . . . . . . . . . .._ ___ ___ _— .-.. -:-. . . . ... —-— —.
No ‘- No, ~: , yz -i- >;: ~ X!;; ,fiivj flij @“”J (4.10)

wllcrc jlzj  = ~J~j - ~~aj, as defined ill Chal)tcr  3. ‘J’]]{:  IJaralnctcrs  plj and ~~zj dcscribc

tllc rclcval]tl  statistics for the IIoise correlations bctwccn tl]c various alltfclllla  lmim,

and d(!tcrmillc  tlhc comlatfcd  noise impact  on the iflcal arrayins; gain.

‘1’lIc colnl)incd  signal  is finally lwoccsscd l)y a sillftlc carrier, ,wll)carricr, al}d sy]nbol

100]). Assulnin.g  }mrfcct rcfmmcm  at each of these three stap)cs,  tllc sy]nbol  SNI{ of

the arrayed  signal bccomcs

2r’1),
SNl{idcQl z ~Y{:

~1 Sym

21’1),——
NO, Rsy,,t

GA (4.11)

W]l(!]’(’ (;A is t]](~ i[](!d ar]’ayi]l:j  .&lin d[](! h ~()]nbi]lin~ t}](! si~]]als. h’ok  t!llat s(!ttill~

all the noise corrclatliml cocf(icicnts  pij to ~~~ro  r~slllts  ill  ~JA =- }X17Z, wlliClliStllC

ideal arraying gain in t,hc case of uncormlatccl IIoist:s, as discussed ill [1].

l“urth(!r  l)otc that  tl)c id(!al arraying gain i]] th(! prcsc!ncc of correlated noise call

bc highm 07 lower than the uncorrclatml  noise case, dc~mdillg  011 tll(!  ])hascs  ‘l)~j.

‘1’llciI]tLliti\’(:]casoll  for t h i s  can  bcundmtood  by considcrillgan  arrayoftjw’c)cc~llal

2LIhCIlIlaS (i.,!., ~, =-~ =- ].) ~{’i~Ur(!  4-1  S}loWs  Valllcs  for C;A for two ~(lllal alltcl~]~as

as a function of p aud ~~< For p =: 0, the ideal arJaying  gain is a constant 3 d]], as

cxlmtcd.  N o w  sul)lmsc th(! ]Ioiscs have  soInc l“loltmro  com!latioll  Co(!ffici(!nt p, and

soInc correlation p]lasc @7~. If ~~ = 0°, then the ldlasc  diflcmlcc  of tll~: spacecraft

signal as observed by antmnas 1 and 2, @, is eq[lal  to tlhc IIoisc corrclatlion  phase

@’. 'l'l)~ls,  ~)llasc-aligllillg  t,llct,wo sigllals  also ~J}lasL:-aliglls  tll(:(()lrelatcdc(  )1Il~)o1lcllt

of the noise. ‘J’hc noise from the background  SOUJCC adds InaxiHla]ly  in ])has(!,  a n d

t h e  coml)incd  ]Ioisc  ]mwcr  inmcascs. ‘ 1 ’ b u s ,  t h e  colIll)ilicd  SNI{ dccrcascs,  a n d  hcncc

tllc arraying gain falls lmlow 3 d]]. 11.y contrast, i f  @ :: 180”, l)hasc-aliglling t h e
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signal  r(!sult,s ill combining the comlatcd conlpo  IIcnt of the nois(!  180° out of ~hasc.

‘J’hc noise thcmforc  colnbillcs  {lcstrll{:tivc:ly  ill this case, and t]lv arraying gain is Ilcm’

gmatcrtllan  3d11. l“c)rilltcrlll(  :cliatc\  ’alllcs[)f~~, tllearrayi]lggaill  \’aric:scolltilluollsly

Ideal Arraying Gain

‘ 2 ~—-— ‘—-”-–”-—

lo-

8-

6-

4 -

—  — . — —  .--...— —

2-

6 30 60 9“0 120

V (degrees)

]{’i~ll~c 4-]: ]dca] a~~ayin~ ~aiIl (;A for

4.2 Symbol SNR Degradation

]n practice, perfect phase alignment- a~!d ideal carrier, sul)car  licl,  and symbol rcfcr-

CIICCS arc ~lot available. Some dcgradatioll  in tllc arrayed s~rIIIbol  SNI{ is thm-cforc

incurred duc to syllcl~lo])izatio]l  errors. To quantify the d(!gradation, wc first find the
.

SCL of dcllsit,y functions for t,hc phase alir;nmcnt errors A#ll  =$ ~~li — ~~li, z == 2 ...1,.

‘1’his set of’ functions is then used to com])utc  the )~/NO of tllc atraycd  signal. Adding

ill IOSSCS d[]c to carrier, swbcarricr, and symbol tracking, tllc syJnbol SNR at the
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matched filter output, can IN computed. h’illally,

to the id(!al symbol SNlt givm] by (4.11) yields

cornbirling.

4.2.1 A ntcnna Phasing

co~nl)ari~lg  tllc actual syml)o]  SNI{

tllc dcgradatliol)  for full spectrum

A set of ~)llasc  estimates ~li for z = 2.. .1, arc nccclcd to alig]) sig]lals  2...1, wit]]

signal 1. in tlllc dcscri])t,ion of l“SC givc]l  in [2], the l)llasc diff’cm](:c I)ctwccll  .;l (t) and

,il (i) is estimated by filtering the two signals to so]]]o low’]) ass }mlldwidt)l]  1)~1) llcrtz,

nlult)il)]ying  thcm,  and averaging their product ovcl ~LO~r  s~!~ollf~s.  ‘J’11(: ~)}las~  of t~lis

ilnaginary  to r e a l  parts. A block diagran]  of this scl]mnc is S1)O}V]I ill F’igurc 4-2.

1 1

[

.—r; “
–- Kc()

.—

1-

4
— l’ar;](~)

[
–. 1111 { )

l“igurc  4-2: Convcmtional  IJhasc estimator

‘1’hc com~)lcx  ~mductj  of tlhc bascballd  signals aftl(!r averaging), Z, is givm by

(4.12)

(4.13)

and A4 is tfhc highest,  harmmlic  of the sut)carricr  I )asscd by tllc Iowpass  filter. The

term its,,, (i) is cmn]msd  of signal-noise tfoms in the product aIJd has zero mean.
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Note, however, that  t,hc noise-lioisc term, f~lj,l (t) fi~l,t (t), does  r,ot ~,eccssarily  have mm

mean,  duc to a ~mssiblc correlation t}lat exists tmtwmm tll(! two IIoisc waveforms. The

Cxl)cct(!d  va]uc of this IIoisc ~)roduct  can easily l)c conll)uttd  from t,hc cross l)OWW

s~mtlral  d~llSity of fll (1,) and il~ (f,); thus,

~~[~] = ({~?, ~’( + ~PIJ,l’l),}l)~i4’i  I 2/,l,i~N,,~,410,]]ll,c~~’~ (4.14)

Sillcc ~~~i is not ]]cccssarily  equal  to q$lz) i)llc noise lmodu(:tj  il)trcduccs  a %ias” tO tlhc

estimate of the relative signal l)hasc. ‘1’his situation  can be rc])rcscl]tcd I)ictforially in

l’igurc 4-3. ‘J’hc con~I)lcx quantity E[Z] can be t,hf)ught of as a ~wct,or  sum of a signal-

F’igum 4-3: Complex comlation  VCCtlOI

to-sig]lal  correlation, S, and a noise-to-noise cor] Clatioll, N. Note ] 1OW th(! ]) IX! SCIICC

of the noise vector biases the mcasurcmcllt  of tllc phase of tl)c complex cormlat,ion.

‘J’IIc relative magnitude of these vectors is given I)y

(4.15)

l~or tyl)ical  l)aramctcrs,  mm relatively modest levels of IIoisc com!lation  call lead to a

sul)st,al]t,ial  I)iasillg  e f f e c t  i n  e s t i m a t i n g  t h e  r e l a t i v e  s i g n a l  ])lIasc. l~or  e x a m p l e ,  c o n s i d e r
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ccsrrclating  two ,jigllals each having a 1~1, /No of 20 dR-Hx with a 1 kHz correlation

ba~~dwidt,l~.  Nvcn if all subcarricr  harmonics arc in[lud(!d  ill tllc corrclatiol],  lnaking

11 =- 1, a comlatioll  cocflicicnt  as low as p = 0.1 IIlakcs tillc  ratio ill (4.15) equal to

().5. ‘1’hc })llasc  cstilnatcs  am t h e n  influcllccd  lllorc by the  rcla(jivc 7LOZSC  l)hascs {~~z

tjllan the desired qual]tlit)ics  ~~li, leading to a lligll  alnt)unt, of dc~,ratlatioll  ill colllbiliillg

tllc signals. A ~Jractical illll)lcl[lc:lltatic)ll  of full slxxt rum coml)il)illg thcrcforc  requires

a ll]odificd ~)hasc estimation algorithm if correlatlioll  levels cllcolll]tcrcd  will .gcncratc
.,

signlflcal)t, I)iascs.

‘J’hc nlct,hod of l)hasc estimation showw ilk l“igurc 4-4 call bc used for this l)urlmsc.

1 lcrc, each signal is filtmcd to soInc I)m(l]ms ~arl(l~~i~ltll  ~~~}),  all(l all a(l(litioIlal  (oIn-
l)lcx com!lation  is Imrformcd  lxiwccn  t,}lc resulting waveforms. ‘1 ‘11(!  C(!llter  frcqu(!ncy

of this filtlcr is choscm so as to not cal)turc  ally Cnmp)y  from tlllc t clclllctry; t,llis  ml bc

‘1

r.
I

lillcr

Ilanclpass

Figure  4-4: Modified phase cst,imator

accomldishcd  by locating  the filter at an mm] multi~dc of the subcarricr  frequc!ncy,

for example. After scaling tllc noist!-only  corrclaiio]l by the I atio of the lowpass

to ba~ldpass  bandwidths, this quantity l)rovidcs  all cstimat(! of the contril)ution  of

tjllc noise to the total  correlation. ‘J’hc band]) ass correlation  ca~l tllcn bc subtracted

from the lowpass  com!lation  to comlwnsate  for the lncan corrclatlio]l vector Ifil.  ‘1’hc

colnlm]satcd  correlation can thus lx cxl ncsscd as
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-. ({]’c~ I\j ‘{ J}\] J~,JI)C~d”i + N (4.16)

whcm the the noise tmn N IIOW has mm mean. ‘J’hc ]Jhasc cstlil~latc  is then found

by taking t,hc iIwcrxc taI1gcnt  of the ratio of the ilnagiIlary  to real I)art, of (4.1 6), i.e.,

WI I(!IX: iVl and NQ arc the real a]ld ima~,it~ary  IJarts  of N, rwqwctivcly.  Note  tl]at

altl)ough N] and NQ have mm mean, their joint  statistics ar(! still in ftumccd  by the

correlation lmtwccn it] (t) and i~i (t). ‘J’llmw  statistics arc final yzcd in AJ)pmdix  A,

and the density fu~lctioll  for the phase cst iulatiolt mm A~J1i  ~ ~~1 ~ - ~~li is dcr-ivcd.

]n [2], a quw]tity  knowl) as the comdator SNlt is int roduml,  dcfi]lcd as

Iqz]h’’[z]
SN]<COTT  ,,------- . . .._ ___ .

I!/’[xZ*] -- I’[X]E’ [z]

‘1’lIc corrclator  SNIL is a ~rlcasum of tll(! spread of tllc phase crrol

(4.18)

density p~, (A@lz),  al]d

is irlvcrs(!ly  related to the variance! of t}lc l)hasc  error. III [1], where IWC is analyz(!d

for illdclmldclltl  noises, i t  i s  shown that the plIase crmr  tlc]]sity cau be cxprmsd

soldy  in terms of the corrclator  SNTIL For the corrclatlcd  IIoisc case ,  tllc  dmsity  is

given in A})pcI1dix A ill tcmls of the corrclator  SNlt and the corrclatiml  paramctc!rs

/)~, and ~~~z.

}+’igurcs 4-J - 4-7 show the density fullction ]J@(A@)  for various values of p and

@. ‘~’llc sigllal ]}aralnctcrs c}]oscll  f o r  tl~mc  curves are (lll/A’())l  == (1~/NO)2 == 25

dlLJlz,  A = 90 deg, with seven subcarrim  harmo]lics includccl  i]] the correlatioll.  ‘1’hc

corrc]ator  ~)ara~netcrs  arc Blp == Bbp == 15 kHz, a]id 7&, =- 3 SCCOTICIS.  Note that even

for a noise correlation as high as 0.4, the density function looks rcmarkab]y  like that

of the uncomlatml  noise case. Simulatiolls  were lmformcxl fol the same parameters,

and densities collcctcd  for the mcasurmi ~hasc estimates. “J’llcsc rmults  arc SIIOWII

with the analytical curves in Figure  4-8.
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Figure 4-6: Phase  estimate densities - p = 0.4
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h’igurc 4-8: I>hasc  estimate dcllsitics with silnulatio]]  poi]]ts

4.2.2 Arrayed symbol SNR and Symbol

Using the set of [!st

SNR Degradation

mated  phases to align  {Ihc si.g]ials, tile m [bincd signal  bccomcs



“1’}1[: combined signal lmwcr collclitim)cd  on lhc set of l)hase c1101s A~JJ ~ is t,llus givml

1 )y

z ]?,7, (57: + f f7i7j,,’’A’’1i- M,,)i= ] z,]J=l
~#3 )

Sin) ilarly,  the conditional noise power  spectral density is give]) 1 )y

N: z -1-~lj ~![fiC0,,,6 (t) fi;O,,,~  (t)] (4.24)

‘(
No, fi ?i + -  i S(wj)’”m  C~v’l~  @Ad””  ‘“’”)

)

(4.25)
2, 1 ~,lj,l

,#3

‘J’aking tllc ratio of (4.23) to (4.25) yields tl]c collditona] l~f/NO of thf! colnl)illcd

signal, i.e.,

(4.22)

(4.23)

LWIj) (4,26)

Aftm carrier and subcarricr  demodulation and matched filtcrillg, t,hc conditio~]al  sym

bol SNl{of the arrayed signal isgiwm  by

where CC,(YSC1  and CsV arc t,hc carrier, sulwarricr,  and symbol reduction  functions,

rcs}x!ctivcly.  ‘1’l]c ullconditiol]a] syml)o] SNlt  is ol)tained by il]tcgratillg  (4.27) over
. A

the dmwity  functions for ~)’1 ...~~~,l and the loop

to silll~)lify this  (:c>lll~)llttltlio)~,  th(! looI) (!rrors a n d

sum(!cl  tobc  indclxmdcntf. ‘1’aking cx}mctation  with
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sclmratcly  yields

SN1{ =

.

an expression for t,hc ~l]l(:c)ll[litic)llal  sy]nbol  SNli, namely

.——..-23’!.-.  q (yc CG”
No]  Xsy,n ~Y

Wllm!  G:, C:c , and ‘C~y  arc ~ivcn by (2.13) - (2.1 5) ill tcrllls of tllc rcspcctivc  loo~j

SNI{S, and tllc density functions p@(A@li)  arc as givm in A~)l)clldix  A. Note that tllc

arm?)cd  l~f, /NO is used Lo calculat,c  the thlce  100IJ  SNI{S, (!acll  of the three 1001M is

tracking the colnhinml  signal. ‘1’aki~lg the ratio of (4.28) to 111(! ideal SNlt,  (4.11),

yields tl]c dc~ra{lat,ioll  for full s})cctrun)  colnbiniuf),:

Note that l~r~C is equal  to OIIC  il]  the upper limit ,  w h e r e  A~~li  ❑ O for  z = 2.. .1, and
-. —.. —.

C:=- c:c=c:v=l.

4.3 Simulation Results

A siln~)lc two-autcnlla  array was simulated uude] conditions of correlated noise to

verify the analysis given above. q’hc symbol SNR of the co~nbincd data was measured

usiug a]] SN1t estimator known as the split-symbol momcllts estimator, and divided

by the ideal symbol SNlt  to obtain m[!asured dc~jradations. ‘J’hc signal parameters

USCd were l~f i /NO, =. l~i> /N,,, = 25 dB-1 lz, R,v,,, = 200 s1)s, al)d A == 90 degrees.

‘1’IIc carrier, sulmarrier,  a~ld symbol  100])s were o~m-atcd  with lmldwidt,hs  of 3.5 11x,

0.75 11x, aud 0.15 IIz,  respectively, with a symkml  window of 1 /2. ‘1’hc correlation

cocf[icimlt  Lctwccll  the noises, p, and the relative noise pllasc,  ~) were varied over a
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rarqy:  of values.

Figure  4-9 shows simulation  values along with curves clcscribillg  analytical results

for a “high” corrdator  SNIL ‘1’hc corrc]atio]l baud}~ridths a~ld i]ltcgratioll  time were

chosm so that degradation resulting from inl]x:rfcct  p}lasillg arc llcgligiblc  compared

to tl]c  carrier, subcarricr,  and symbol losses. ‘1’IIc cutvcs show tlllat ]t]orc degradation

is iu~mrrcd with iucrcasillg lloisc correlation for @ =.- 0*, and that dc,gmdation dccrcascs

as p il]crc!ascs  for ~~ = 180 01 This can bc cxplaiucd  by notilk~;  t,l)c cfl’cct of varying p a]ld

~~ on t)llc arrayillg  gain.  I’)or d) :0°, increasing p callscs  a dmwasc ill array(!d  syl IIl)ol

SN1l,  as cx~)laincd  in Scctioll  4.1. The 1001) SNI{, of tllc three Ioo}m tl]crcforc dc!crcascs,

rmultlilI~  ill Inorc  carrier, ,sulxarricrl and s~lnlml  loss. 1 ~y colltlast,  wlIcn @ L- 180°,

inc reas ing  p inmmscs the coml)inccl l~l,/A~,,, arid 1 iiiSCS  tll[’ th~(!c 100]) SIY}ts. ‘J’his

results in km dcgradatlio]l  ill dclnoclulatin?,  the sig,nal. Since tl]c corrclator  SNI{ is

IIigll  in tlllis  cxaml)]c,  the {Ic:lll{)cllllat,iorl  ]osscs arc t}lc dominant  source of dcgradatim,

and tlh(! tmid shmwl in F’igurc 4-9 is thus cxplainc~l.

l“i~urc  4-10 shows the sa~nc rcsu]t,s performed for a r(!lativcly  “low” c.omlator

SNIL 1 l(!rc, t,hc degradation curve for @ = 180° actually lies Lclou) the curve for

r/) == () dcgrc(!s. ‘J’his rosu]t, al though sccmiug]y (oul~tc~-illtllitivc,  can Ilcvcrthclcss

lx: cxl)laillcd  qualitativc]y.  Not,c from (4 .27) that the phase cn or tcrlns  A~~li aplmar

in bet]] the numerator and the denominator of the SNIL cx]ncssioll;  the Phase errors

affect both  the array  ccl signal  ~)owcr and t}lc array(d  noise ]mwcr.  ‘J1his  is in contrast

to tllc uncorrclatcd  Iloisc case, whcrw only the numerator dc]mnds  01) the ~dlasc errors

A~Jil;  since th(! Iloisc!s  arc uncorrclat~!d,  the choice of phases used iu coml~ining  thcm

d o t s  not afl’cct  t h e i r  a r r a y e d  ]mwcr. T h e  ])has(!  CI r o r s  A~li always  dccrcasc the ar-

rayed signal  ~)owcr, but, can dccrcasc or increase tlic arrayed lloisc ~mwm, depending

ml tlllc l)hasc ~)araul(!tcr  ~j. l’or @ =: 180°, the noiso power is illcrcascd by errors  irl

cstrilnatillg  ~~lz, since phasing  the array pcrfect]y  results ill nlaximu]n noise cancclla-

tlion. ‘1’hcrcforc,  (estimating the phase im~mrfcctly  results in a twofold pcna]ty:  the

mlnbi~lcd  signal  ~mvm i s  ]csscncd,  a~ld t]]c coml )incd lloisc lmw:r  incrcascs. ‘1’his

1 ‘1’lIc ~)hrasc  “dccreasiug  dcgradat,iou “ is used ]ooscly t ~ I ]ncall dccrcascd  synchronization 10 SSCS;
ill actuality, Ilulncrica]]y ]OWW dq;radation im~dies  grate?’  losses illcull  cd.
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results in incmascd degradation duc to ~hasc al;{; nmcmt,. On tllc other  hand, when

+ = 0° ,  phase  lnisali~nmcnt,  dccrca,sm  the  a r rayed  Iloisc pmvcr.  Since  @I~ =- @~i in

this case, alifylin~  the signals im~mfcctly  also lcss(ms  the coIlst I\lctlivc  addition of tlhc

noise. ‘J’llc  rcduccd noise lmwcr due to IJhasing  errors  t,hcreforc have a ~nitigating

cflcct on the degradation incurred,

Full !hectrum Combinimz Degradation -
High Corrclator  SNR

““~---l–-’l
-0.2- x

x

-04-

yl=o
-0.6-

-0.8-

-1.0 1 1
.,_—r__ *_

0.0 0.2 0.4 0.6 0.8
—-

P
F’igurc 4-9: l’SC d(!gradation - ]ligh corrclatol  SNR

It should lx: noted that the fact that the @ == 180° case IIas mom degradation

thall the @ == 00 case in this example dots not nlt:all that tl}lc  ovcra]l perforlnanm  of

the array is worse for ~~ = 180°. Recall tl)at  dcgl adation  is clcfincd  as the deviation

from the ideal arraying gain, GA. In the above example, alt]lough the degradation

for ~~ == 180° is slightly higher, the ideal gain is substantial] y higher than it is for

@ :00. Thus, t,o dctcrminc  the absolute ~mforn]ancc for tllc array in terms  of total

colnbincd  SNlt,  both the id[!al gain and the dcgl adatioll  Inust 1x! accounted for.
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Chapter 5

Complex Symbol Combining

Performance

IIcr(!, we a]mlym the lwrformancc  of COII1l)ICX  symbol  co]nl)illill~,  ill a nlanllcr that

lxwallcls that of the Previous chapter.  liccall that  the cxprcssio]] for SNl&ed/  is the

salnc for CSC as it is for I“SC, as discussml i]] Chapter 2. ‘1’lIus,  t,hc derivation of tllc

idea] arraying gain for complex symbol  combining is on]mittcd  here, and the ~Jhasc-

alignmmt algorithm used for CSC is analyzed in Scctioll 1. %ction  2 then computes

tllc arrayed symbol SNIt  and the symbol SNR dcgj adation. l’il)ally,  simulation results

arc prcsclltjcd  and coml)arcd to analytical results in Scctiol] 3.

lt was briefly pointed out in Chapter  ‘Iwo that the subcarricu and symbol trackil]g

lmformancc  for CSC is diflcrcnt from that of the convexltional  rcccivcr,  since carrier

demodulation is postJ)oncd  to the end. Sillcc subcarricr  a~ld symbol tracking arc

~)crforn~cd  in the abscnsc of carrier lock, the 100I) SNRS of tl]csc loops  arc different

than itl the case where coherent carrier dcmodulal  ion precedes sukxwrrier  and symbol

tracking. ‘J’wo types of subcarricr  and symbol IOOIX that loay IW used in complex

symbol combining arc c]iscusscd in [2]: the collvcntiollal,  or ‘(l” loop,  which uses

only one of the two signals in the coInplcx  pair to track, and the “IQ” loop,  which

uses both real and imaginary channels. WC will assume the IQ loops  arc used, since

they have higher loop SNRS. Following matched filtering, t,llc con~~)lcx  symbols from

each rcccivcr  arc transmitted to a central location for conll)irling.  As in the case of
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full-spcctru]n  Coillbini]lg,  correlations arc performed to phase-ali~,r) tllc carrim, after

which the signals am weighted a]id summed  collcre]lt]y. A I-mscl)alld  Costas  1001)  is

finally used tloclc]llod~llatlctlllc  carrier.

5.1 Antenna phasing

‘1’llc com})lcx  symbol strca]n  from the ii}’ antmna is givm by

(5.1)

wllcrc CsC, a]ld ~~sl,, arc tllc subcarrim  .lnd symbol reduction fullct)ions for the iL’L

rcmivcr,  7: is tlhc s y m b o l  tlilnc,  and lVz(k) is ihc n{)is[!  outl)ut  f“] OIII tlIc i~” lnatchcd

fitter. ‘1’akiIl~  ttlc  complex ~Jroduct Mw’cml  the 1 ‘L and it” strca]ns  yields

where the signal-noise tmn fis,,l(k) has m o man. Once again,  ttlc! ccml)lcx  noise

product NI (k)fi,* (k) has nonmw ~ncall  if t(llc correlation coefficient is nonzcm, alld

illtmduccs  a bias to the sigllal  correlation vector. Note, llowf!vcr  ttlat the slmtrum

of t)hc sigllals at the ~mint  of combining;,  )1(k), do not co]ltain  cln])ty bands  as in

the case of full s}m:t,rum  combining. lkmodulatfillg  the subcarricr  collalms all the

data sidcbal]ds to bas(!l~alld,  allowing a mucl] Ilarrowcr combining  l)andwidth.  Since

tlhc sllarcd infornlation  ratlc for CSC is equal to tllc symbol rate, tlllcrc is no excess

lxzndwidt}l that can h used to nwaswe  the con-clatiol( oj the noi.~c alone. ‘J’his protdc]n

may bc solved by adding  an extra matcl]cd filter for each rcccivm  to cal)turc  noise

only. l)cforc ilwcstigating  this Possibility, ]Iowcvcr. wc calculate tltlc expectation of

the noise Product, E[fiz(k)fi~(k)].

Consider tllc block diagram of l“igurc  5-1, which shows tllc lnoccssing  for comjdcx

symbol u]) to the matched filtlcr outputs. TIIC sign:d SZ(t) is the sulxarrim  rcfcrcncc
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from the it” subcarrier  loop,  given by

Sz (f) =- sqr(Ld~J  -t- 0s, -t $f~srz ) (5.3)

where O~C is t])c instantaneous sulmmicr l)hase, aIId qh~C, is tll]c instantaneous ])hasc

“f’l 100]), ” for 2 = 1 . . .error ill tllc  ~ 1.. ‘1’hc lilllits  of illtcfyatioIl  for Ll]c z~” nlatchcd  filter

arc given  by

i,, ~ H:f + ‘rz (5.4)

tU, =- (k -{ ))q~  -~-T, (5.5)

s~,~n~)ol ]ool), ‘1’]Ic IIlat~ll(:d  fi]t~I Iloisc saIrlplcsWIICrC Ti is tllc  t,illlin~ error in th(! l“ ,

arc tlh(!rcforc  given by

(kil)7&i7,
fiz@)  = ~: L’lj-l,i fil(t)

(kil)?Li7j
Nj(k) ‘“- ;:, 17:,+ T~ ilj (t)

‘1’hc c o n d i t i o n a l  e x p e c t a t i o n  of ~z(k)fi~  (k)

errors call  t]lcn  h calculated by c o m b i n i n g

Sqr(dsct + Osc -t 4.$C2 ) di (5.6)

sqr(w~ci i Osr i“ Ac’j ) (tt (5.7)

g;ivcn  the subcarlicr  and symbol timing

the above exprcssioI1s with the closs-

corrclation  function for the conlplcx  baseband noises, i.e.,

‘Lii,flj (u> ‘) “ ‘[itl’(u)fi~  (’U)] = fl~~ old;; 6(1/ ‘-- ‘t)) (5.8)

A delta function is used

nicncc.  In reality, the cross

clctcrmincd by the shalw of

to express the cross-(c)rrelatioll  fcm mathematical convc-

correlation function iakcs the fornl G(7), where G(T) is

the front-end rcccivi]]g  filters (See CIlapter  3). However,

this ap])roximation  is justified, since the cross spcctrurn  is cssclltially white over the

bandwidth of interest (i.e., the data rate I)andwidth  1 /7~).



lJsiug (5.6) - (5.8) yields

fj,,t~,, ❑ ✍ II MX(IC7:9  + ‘ri, M’, +  7,;)

i“711(IT  ‘– ~nin ((k +- 1)7’,, + 72 ,  (1’ : 1)~~$  ‘t 7j)

l’illally,  illtcgrating  wit(ll IC!slx:ct  to v yields

(5.9)

(5.10)

(5.11)

(5.12)

(5.14)

N o t e  tl~at in the abscncc of phase errors  in any of the 100IW,  (5.14) rcduccs to

O!’jC~~’:]  1{,~~,~, whicl) is sinl~)ly the cross powcl’ slmtral density of the Iloiscs ft’(i)

aud ‘iLj  (i) times the cffcctivc I)andwidth  of the matched  filtIcl’. ‘J’llus, phase errors in

the subcarricr  and sy]nlml 100])s actually rcducc trllc observed lloisc corrclat,io]l  at t,hc

lmint of combining. This is ill contrast  to the case of full s~mctrulll  combining; since

tllc signals arc cmnbiucd at the front c]ld, the noise correlation is ~)roportiollal  to only

the cross power spectral density lCVC1 and t,hc frollt-cnd Landuridt]l.

Calculatil~g  the unconditiollal  covariallcc  of the matcllcd filter lloiscs requires tak-

il]g the cxlmctation  of (5.14) witrh respect to the Phase c1 rom <LsC,,  ~~sCj, ~~$v,,  and ~~syj.

‘J’wo al)~)loxilllatiolls  arc made to perform this conll)utatioll. h’il st, the densities of the

l)]) asc mrors  arc assumed to k Gaussian. This cxmdition  is l](!arly  satisfied for 100])

SN}LS above 1() d]], a~ld is consistent wit]) the al)proxilnatioli  lnadc iu []]. Scmmd,
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tfllc ~J}lasc  errors of all 1001)s  arc assumed to I)c l[lutua]ly illclel)clldcllt.  ‘1’llis  stat(!-

mcl]t is Ilot strictly justifiable, since the subcarricr  and sy]Ilbol 1001)s  from a single

rcccivcr  arc affcctmi by t,hc same noise, and furtlimnore  Imaus(!  the Iloiscs vimw:d

by sq)arat,c  mccivcrs  arc correlated. NTcvcrthelcss,  it is il]vokwi  for tllc ~)url)osc  of

Inaki]lg a first-order a~)~)roxilnation to evaluating the ~lllc~c)rl(litic)llal  covaria~lcc.  ‘J’hc

quarltlitics  ~)$rt -  ~j,,Cj arid ~jsV, ~~~u,  arc tllcn  Gallssia~)-(list]il)lltc[l  with known mca]~

at)d varialicc,  and the unconditional Cxlmctatlion l~[Ni(k)A~  (k)] lmcolncs

_—— ---
E[N2 (k)ii; (k)] == clij(w  Rsv,,,  c’,.,,  ~syt,

(5.15)

l’kluatfiolls  (5.15) and (5.2) can k conlbitlcd  to (:alculatc  the ratio of t,hc signal to

IIoisc correlation nlagnitudc,  analogous to that computccl  ill (4.1 5):

Wllc)c

Cff(!cts

Useful

151 4------”1’1), J’]), C,cl (;,,y, C.C, C,yt—— ————  _—— —————.——. ——. -
[iil = pij~NoJ NOiRsy,,L~::<~5;3

1

( -“--”)

E,, E,, 112
E —–- -––-

Pij NO, NO,
(5.16)

llS/No =: l’1)7]/N0 is the bit SNlt.. In making  the a~)lm)xilIlation  of (5.16), the

of syl]clllollixat,io)l  have lmm  ignored fol simplicity. ‘J’llis result provides a

“rule of thumb” for determining if the noise correlation is a significant bias in
.;

cstinlating  the relative signal phase. If IS 1/lfll is much less Lila]] one, then an extra

correlation is nmdcxl to conlpensate  for the noise vector, as If]crltioncd  earlier. on the

ot,}lcr ham], if this quantity is nluch greater tha]] one,  tlImJ it is unnecessary to add

tjl]e extra matchcxl  filter channel to perform the noise-ollly correlation. Estimating

the dcgrcc of comlation  p that will bc obscrvcxl for a pal titular antcnlla  pair and

a~)plyillg  the rule dcscribcxl  above will indicate whether or IIot the noise contribution

to tllc total correlation is substantial, a]ld must, be coln~msatcd  for by performing
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an additional co,rclatio]l.

IImc wc briefly  dcscril)c  lIow the extra  nlatcl)[:d  filt(!r  outj)uts  call bc u s e d  t o

~llcas~lrc:  t)llcl~c)isc  c:c)rrclfltjioll:  ‘I’llecolrll~lcx  l]asctjal)(l  sigllfil  flO1rlca(:llalltcllllacall  bc

shifted in frcqumlcy  so t,}latj al] crlll)ty lmrtioll of t}le s~mtlunl is located at l)ascba)ld.

‘I’l)is lllaybc!a  c(:c)lll~)lisll(  :(l l)yslliftillgl)yallcvc:ll  ]~llllt,i~)leo  ftllf:s~ll.)(:alricrf  lc(~uc!llcy,

i.e.,

where N is an even iutcgcr. ‘1’IJc shifted Mgnal  call t]lcn lx: luult  i~)licfl by the subc.arricr

rcfcrcncc frolu t)h(! if’~ allt,cnlla,  and Passed through a matcll(!d fi]lcr using tliluillgfrolu

tlhc if” symbol loo]), as sl)own in l“igum 5-1. ‘1’bus,

(5.18)

l“N)]I) tl]cahvc  analysis, itisclcar that lJ[fi~(k)fiT,~(k)]  will lwgivcll  by (5.15). Cor-

relating tfllc two lloisc-on]y  n)atchcd filter outputs thin] yic]ds a quantity that can

bc sul)tractjcd  froll) tjll[! total correlation, X, to colnlmlsatlc fo] tfltc noise bias. ‘J’hc

density fullct)im  for tlhc ldlasc cstlimatc  conlputcd  using this t)w:lllliquo is similar to

the FSC case, arid is analyzed in Appendix 11. Note, however, that Pcrformillg  this

comlmnsatiol] rcquim increasing the combiuing  bandwidtli  lmyolld what is required

forCSCin tl)clll]correlatc{ llloisccas  e,” asl~clla s:~dclitio]lall ~{il(l~~arctol  )roccsstllc

cxtlra chanuc]  contaiuil]g  IIoisc  only. A tradeoff ill pcrforIIla~lcc  vcr-sus coInplcxity

must  tfhcrwforc  h made to dctcrvninc  if cxnnplcx sym~ol  cw~Ill)iuiIl~  is aIl a t t r a c t i v e

option when comlatcd  noise is Present].
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5.2 Arrayed Symbol SNR and Symbol SNR Degra-

dation

A]] cxlmssion  for tl]c condit ional  arrayed syIIIljol  SN1{, can lx: oljtaincd  in a silni]ar

ma~lncr  as the full spcctru]n  coml~inin~ case. ‘1’lIc tolnl.)incd  signal  for coIII])lcx  sylnt)ol

col]ll)i]li]kg  is givcll l)y

Vc(,,,,b(k)  =- Sco,,,b(k) - i  mod(k)

‘ ~ pic~~” (J” ‘-1’1), CSC*C,,V,  d(k) c@’’7~k+ “) -i l%(k) ) (5.19)
i, ]

‘1’hc conditional signal  ~)owcr,  defined as l~[SCO,,l~ (~)l~~[$o,,,b(~)],  is givcm by

where, as Iwforc, A@lz is dcfillcd  as the error in rstimatil)g  tl]c l)llasc diffcrcllcc bc-

tlwccll  tllC ISL and it” signal,  ~1~ – ~1~. The onc-siclcd I)owcr s~)cctfral  density of th(!

lCal and ilHagillal~  Palts of ficomb(k)  if$ ,@vcll h’

N: =- 1; V(W (&,,,b(k))

Using the relations

Fkluatioll  (5.21) call bc S11OWI] to bc equal to +~d 1“’u’

(5.21)

(5 .22)

(5.23)

(5.24)
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‘J’aking the ratio  of (5.20) to (5.24) then yields thf: coml>~ncd  l’1~/7V0  for CSC. ‘J’hc

combined signal is finally  Imccssed  by a baseband  ‘.kmla:~ I(JO}I <HI(l th~ ~o)lditiollal

SNlt adding in carrier 10SSCS is given by

(5.25)

Chn])uting the unconditional symbol SNI{ rcqui](s  taki]lg the cx]wctatioll  of the

above quantity  wjtjh rcs~m:t to the }dlasc mors ~~~C, and ~)sy, for ? = 1 . . . 1,, tlhc])has(:
.

estimates q’~1~ fbr i =-- 2 . . . 1,, and the carrier phase error  f%. Omc agail~,  w(! assum~

all lool) 1)}1 asc mrors and  l)hasc-aliglling errors al c lnutually  indcl)clldcntl. ~’bus,

intlcgratlion ow!r the carrier ldlasc error ~jC is accml l~)lisllcxl  easily I)y considering the

carrier rcductio]] function  C: scparatlcly. 1 Iowcvcr, unlike the case of full s]m;trun]

colllbiuing, the sul)carricr  and symbol ])hasc crro,.s a~)j)car  ill I)( tll tlhc numcratfor

a?d  t)hc CI(:llc)llli)lator. The cxpcctat,ion with rcs~mt to the sulxarricr  and symbol

ldlasc errors thcmforc ca~lnot  hc ~ivcn iIl closed form. Calculati~l~  tjllc uI)conditional

symbol SNlt for mm a simldc two-clmcmt  array would t]ms require a 5L1L order

nunlcrica] integration. R,at,hcr  than resort to such l)rut,c-force tactics, wc lnakc furtllcr

sim~)lifying  assulnl)tiom  to allow cwaluation  of sonic  of the integrals in closed form.

lwoxi]nation

(5.26)

to the ratio of (5.25), yielding

(5.27)
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SyIIIM ~)hasc errors  ~~u, for z = 1 . . . 1,, aIld d’ is the set of ~)llasc  estimates ~1, for

arz.. .1,. ‘1’lIc a~)pmximation  of (5.2Ci) is rcasonaMc if the lncal] of y s q u a r e d  i s

muclI ~rcatcr than the variance of y (i.e., if y is Iicarly  a co]lsta~]t).  ‘l’his condition

is lnct for the case under Collsiclcration,  sillcc!  it is iln~)licit]y assumed that the looI)

SNl{s()ft llcslll~ca~licraI~  ds~'l~lbolloo~  )sarclligl) cmoug;h  to]naintaill  lock, with 13

d]] hcing a ty~)ical  threshold. ‘1’bus, the variances of the lcduct)ior) functions CsCt, and

Csv,j, whicl] colltjaill  tllcloc)l~ ~)l)asccrrors, m~illbc slllall  c:c)l]ll)alf:(l  tothcmcanofthc

entire dcnmllillator  tcrI1l.

Bythcabovc!  algultl(:llt,i lllcullc[)llclitiollal  SNTlt can l)cmitluatcd  as

p(A(/),~) . .
1

.p(lhj],,)  dA(/)~~  . . . dA~), J, (5.28)

‘1’IIc ideal syIn~ol  SNI{, for coml)lcx  syInl.ml coln~iniug  is identical to that for full

sl)ectrum  coIn~iI1iIl~;  since SNl&C~l  is dcfi])cd as the  SNTR tlla.t WOUld ~C o~taiIlcd iIl

the absence of synchronization errors, its value  is i]]dcpcndcnt of what order combi]ling

and demodulation occur in. ‘]’bus, the dcgradatio]l  for co]n])lcx symbol  con~binin,g  is

found by combining  the results of (5.28) with (4.11), yicldil]g

.

5.3 Simulation Results

Silnulations  of a two-autcnna  complex symbol combining Aystcll)  were performed. The

sig]]al ])araInctcrs  used were the same as tlliosc used for the full s]wctrum co]nbiniIlg
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simulations: l?ll /NO, T ]\~/~O, ,= 25 d13-]Iz, l&,, ==. 2 0 0  s]}s, al]d A = 90°. ‘1’hc

loop bandwidths were also set as bcfcm; the carrim,  sulxamicr,  a n d  symbol loop

ba])dwidths  were 3.5 IIz, 0.75 IIz, and 0.15 IIz, rcspcctivc]y,  with a symbol wilidow of

1 /2. l~otlh the conl~lcnsating  and l]ol]-collllJ(’llsatillg  lncthods  of Cstill]atillg  the signal

l)llasc diff’(!mlcc were iml)lcnlclltcd. 1)1 Figures 5-2 and X3 , si]lllllatcd  and ar)alylical

degradation values arc slIowJl for various values  of ~~ and @.

l“or tllc Illl(ollll)c:llsatc[l  case, t,hc degradation CIIIVC d] 0})s down sl)ar])ly for ~~ =

~oo and ~) =- 180°. OJIC cause for this is the bias ill the coIm)lcx  correlation used to

estimate  the relative signal  ~)llasc. F’or the l)aramcl m being used, lL31/  Ifi I, given by

(5.16), is equal to 3.15 for I) = 0.5. ‘1’bus, the noise vector is of colll~)aral)lc  but lesser

I)lagmitludc  to that  of the sigJ]al  ill cstimatillg  the I~llasc.  Note that  for @ =- 0°, tl)c

]Ioisc  correlation l)llasc is equal to the relative signal  phase ({~ =.. ~?’), and the vectors

S’ and fi! arc colinear (see l“igurc  4-3). ‘]’hc noise lwctor { hcrcf[m! does I]ot bias tllc

Incasurcm(!nt, away from the desired quantiiy,  and tllc dow]]ward trclld is not<  l)rcscnt.

1701 tllc colnlmnsatcd  case, lCSS overall degradation is olmrvcd. Ilowcvcr, the

~~ = -180° curve still drol)s  dow]l with incrcasil]g P. l{ccal] floI1i Sc(:. 5.1 that, i~n~)crfcct

subcarricr  aJ)d syJ]IIIol  t,rackiJlg tend to d(!crcasc  tllc l)owcr levels of tile i n d i v i d u a l

signals at the matched filter outl)ut  and dcm!asc  th(: corrclatliol)  of tllc matlch(!d  filter

noises. When @ = 0°, this has a bcncficia]  effect on the arrayed SNIi,, since it reduces

the coherent addition of the lloisc. lly contrast, \vh(!n @ =- 180°, a nigh degree of

comdat, ion b(!twccJl  the uoises  is desirable, so that tl]c noise:  caJlccls  J]laximal]y. ‘1’bus,

dccrcasil~g  this correlation lessens the arrayed SNI t, and causes It]orc dcgradat, ion.

‘1’his explains  t]](! fact that,  the @ == 0° curve tmlds ulm’ards with il)crcasing p, while

the ~) =- ] 80° tends  downward. Note, hOWCVCr,

i d e a ]  arrayi  J]~ ~ai]l,  ~~A. l“{)] (!xaJnp](!, f o r  f) =

Oldy 0.46 d13 for @ = OO.

that, the  ICVCJSC  tmld is true of the

0.8, ~~A = 10 d}; for ~~ =- 180°, but
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Chapter 6

Analysis of l?ull-Spectrum and

Complex-Symbol Combining for

Galileo Mission and Conclusion

III order to illustlratc the major cmccpts  pmscntcd in this llhcsis, the ])(:rfor’mam! of

full spectrum combining and complex sylnbo]  colIlbining  is allalyzcd for t}lc Galileo

signal. An array of lJSS-I 4, which is a 70 m antenna,  and 11SS--15, a 34 Itl high-

cfficimcy (111’11”)  antmna, is C11OSCH  for this cxal[lplc. First, predicts  for physical

]Jaramctcrs  describing the signal  strength and dc~,rcc of noise corrc]ation  arc dcvcl-

o@. ‘1’hmc quantities arc then usccl to calculate the an ayillg gail] anti degradation

for each of the two schemes. Finally, the conclusion sumlnarims  the major issues

related to tclcm(!try arraying in the prcsencc of corrc]ated  l]oisc.

6.1 Galileo Signal Parameters

II] the case of the Galileo spacecraft, cormlatcd  nf~isc  will bc contlibutcd  by JuPitcr

Lcillg in tllc beam of both antennas. As discussml in Section 2, the contribution of

a background body to total systmn noise dcqmlds 011 its angular separation from the

spacecraft and on its total flux, which varies with its distallcc from Earth. Values

for the Jll~)itcr-1’lartll-lJrol~c (JFI1’) angle and Ju~~itcr-Earth  distance can bc found
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from cqhcmcris  ]Ilfornlatiol]  for the Galileo tour. 11’or the purlmc of this cxam])lc,

wc select va]ucs  which maximize the noise Collt,ribution  of the IJlallct to estimate the

impact  of comlatd  noise  in a womtl-cas{!  scenario. ‘1’}) us, wc assu]t]c tlic Jltl’ ang]c

is ZCIO and that  tllc Ju])itcr-}tarth  rallgc is at its I ninimunl value during  tllc tour,

\\,}lic]l  i s  l~j = ~.~ all. [JSiI1g  t,ll~s~ va]~l~s,  t,}l~ t,ryl~})craturo  co~lt,ril)llt,i~n  of ,Iul)itc!r’

for 1) SS-14 and 1)SS-15 arc 1~, ==- 6.6K and 7’S 2  ‘= I .41{, lCS])CCI  ivcly.  Nlot,c t,llat,  t,~l~

tcln~mraturc colltlril)ution  is higher for IES- 14 duc to tllc great m a~m(lrlrc  size a]]d

alltjcllna efficiency.

‘J’llc ~mxiictcd signal  l)aralnctcrs  arc as follows: (;O )] : 22.0 dll  Ilz a?id ($: )Z =

11.6 dl~ 112 for tllc 70- ald 34-1I1 autcnllasl  respect ivcly; A ~ 90’);  and l&,,L =- 200

s}m. Not,c that,  sium wc arc assunling  that,  tllc p l a n e t  and slmcccraft, a r c  at tllcir

closest, raugc, tl~c spacccraf(, sigma] is also at its 1 mak strcl]~,tll,  i)] addition  to the

llois(!  contril)utiml  of Jul)itcr. ‘1’hc total systcm tclnpcraturws  ~)rcdictcd  for 1)SS-14

and 1)SS-15 arc 22.6 K aud 42.2 K, rcspccti~’cly.l

‘J’o dctmuinc  t,hc dcgrcc to which the source is 1 csolvcd  on this array l.)asclillc,  wc

]uust colnlmrc tllc fringe s])acil~g to the angular size of the soum. 11) our cxalnplc,  tlhc

observing frequency jO is 2.3 x 10913z, aud the maximum Possil)le jnojcctwl  baseline

is tlllc Pl]ysical  separation Lctwccn the two antennas, which is a})l)roximat,cly  500 m.

‘J’bus, the smallest lmssible friugc spacing is 2.5 x 10-4 rad. At a range of 4.0 au,

Ju~)itcr has all au.gular  six on the order of 1 x 10-3 rad. Sillcc tl}lcsc values  arc

colnl)arali(!,  wc calruot usc either tlhc long basclil)c  limit or {Il]c short  basc]il]c limit

ill cvaluatillg  P (m Section 1 ). However, for the ~)urposc of dctlcrrninillg  the inl~)act

of the correlated noise in the Jr)ost  extreme case, w(: ()~’cr-f:stlilll:itlc  the degree of noise

corrclatjio~l  usiug the up]m bouud on p, given by

(6.1)

. ———. —..—— .— .. —.. —.—  ——
r ]>lc{\icLs f{lr IIoisc  ~,1~ sigllaj  ~)aralll~t(,ls  WCIC ohtainc{l  from t}lc’ ~;alik)  $l~all~l  Alralysis 1’r@

gram, courtesy of l)avicl 11(:11.
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6.2 Arraying Performance

Usil]g tlic llwo l~,/l’VO  levels and corrclatio]l cocfficicntl  p found  above, the ideal array-

ing gain (JA call bc comput,cd  as a fuxlctiol]  of ~~ Ilsillg (4.1 1 ). A g;ralj}) showing this

rclationshil)  is shown in Figure 6.2. Note that, tllc arraying gain in this cxalnplc is

Galileo Parameters -
Ideal Arraying Gain

0.8 -
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w

0.4

05

0.3

0.2

0.1

# . — — I —  — . .  - . —
o 25 50 75 1(,0 125 150 175

l“igurc  (3-1:  Ideal a r r a y i n g  gain  f o r

~ (degrees)

Galileo signal, array of1)SS-14 and 1> SS-15

]nuch smaller compared to our previous examples of two (!qual  antennas, since the sig-

nal lCVCI of onc antenna  is a~qx-oximatt!ly 10 dl] lower than  the other. For @ == 0°, the

corr(!latcd  comI)oI~cnt of the noise adds ri~aximally  in pliasc,  thus d[!crcasing  the ar-

raying gain.  Ily cord, rast, the background noise i~ltcrfcr(!s  destructively for @ =: 180°,

resulting in greater arraying gain. Since the co] relation cocflicicnt  is relatively low

in t)llis cxamp]c, the diffmm]cc  lxtwccn  tllc best-(:asc aIld worst-c.asc scenario is olIly

about  0.45 d]).

l{C~)K%C!Ilt,atjW! values  foJ the carrier, su~carricr, aJld syIntml  loop  baJldwidths  were
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chosen as 1.5 11X, 0.4 11x, and 0.07 Ilz, respectively. I“or f(]ll-s])c{:t]~llll  colnbilling,  a

corrclatliml lmndwidtlll  of  lJCOTr  == 2 k}lz w a s  usml, with a co]rclfitliol] tilll(! of  15

Sccollds. ‘J’hc total  degradation for FSC as a function of ~~ is show]) ill I“igurc  6.2,

along with simulation pointls. IIccallsc  tllccolrclatiollcoc  fl”ici(:llt”  fjis~clativclylc)~’ill

this cxalnl)]c,  tll(:(l(:graclatlic)ll  isallllost collstjalltlt’illl rcs~)(:ct  iol}lcl)  llasc~)alalllctcr

@. 'l'}lc(t)llll.)il  l(!{ll~/NO()  lllyvaricsby  lollg}llJ'0.4  cll~as~Jl  al]gcsflcJ lllO0t()I8O0;

thus, t,llclc)ol) SNl{,sof t}l[:tllrccl  ool~salso(  l[)]lotc:llallgc) tlucll, and syncllrollizatioll

losscsrmnain  csscntfial]y  constant.

-0.5

-0.7

-0.9

-1.1

-1.3

-1.5

FSC Degradation

.—..—

— theory

o s i m u l a t i o n

———-  —-v

o 30 60 90 I 20 150

}“igurc  6-2: FSC Pcrformancc  fol Galileo siglltil

‘1’hcsamcsignal  Paramctcrsancl  loo~~bal~(l~t’icltlls  were us(!d tosilll~llatct}lccol~l-

~dcx symbol combillingcasc. A slight variation of thf: basic scl]cnlc, known  as coIm)lex

symbol combining with aiding (CSCA),  was inlplelilclltcd. ‘1’llis  SCII[!ll]C is discussed

ill [2] as all option  for arraying  the Galileo signal. In CSCA, the subcarricr  and

sy]nbo]  rcfcrcnccs from t,hc rcccivcr tracking the stl ong-cr sig~lal  arc used to track tllc

signal from the 34 ]n antenna as well. This tcchlliqu(!  can bc used to perform complex

sylnlm] combinil]g (!vc]]  if the 34 ]n antenna signal  is too weak t o achicvc  sulxarricr

al)d symbol lock on its own. ‘1’bus, the loop  SNRS for the 34 JIl allt(!nna  subcarricr

and sylnlm] ]oo]xi arc equal to tl]c corrcspo~lding  70 m antclllla  100I) SNIts.

]tquation  (5.16) can bc al)plicd  to dclxmninc  whether or I]ot the %oisc-on]y”



chaunc]  is needed to phase tlie array.

( )

1 I!!,l E,, 112—---- . ..— ——
j NO, No,

Substituting, in values froln above, wc find

1 1 ( “)]tl,,  ]?,i 1/2

. . — —- —. —.. _— -- .

[) ~~syln NOI ~1<,,
(6.2)

Z- 2.39 (6.3)

‘J’bus, tllc Inagllitludc  of t,hc  noise corrcla{  ion vccl or is lms tlial) I)utl  comparal)lc  to

that of tlIc si~llal  corrclatiol)  vector . ‘~’o illustral  c tllc  inllmct  of tlIc l)hasc  bias i n

aligping  tllc  signals,  CSCA  was simulated with I)oth  the coln~wnsatin~  aud uncoln-

~mlsatill~  Incthod  for cstilnating  the relative sigyal  ~)hasc. III F’igurc (3.2, wc show the

dcgyadation  for CSCA  for these two cam. ‘1’hc cormlatiml  tiInc used to cst,imatc  the

relative si~Jlal  ~)hasc was 2 sccoIlds.  Note that  a sllortcr  cstilnatioI~  int,crval  thali  the

full slwctrum colnl)iniIl~  cas(! can lm us(!d IIcm, si IICC the cfl’cc(ivc correlat ion l~and-

widtll  is equal to t,hc data Lanclwiclth of 200 HZ i~s ol)]mst!d  to 2 k}lz for P’SC. h’or

the colll~x:lwatlcd  case, the degradation is csscntial]y consta]lt,  since, ol)cc  again, the

Iloisc corrclaiion  does not aflcct synchronization losses much. 1:’or the ll]lcol~l~)cllsatj(!(l

case, tho degradation lx!comcs greater as tile difference bctwc(!rl  the noise and signal

l)llasc @ grows larger, since the noise correlation bcgills  to bias the phase estimate

further away from the relative sigllal  Phase. This effect can bc sccl] graphically by

rcfcrril)g once again to F’igurc 4-3, where the co]nplcx  signal  and noise correlations

arc rc])rcsclltcd  as vcctms.

6.3 Conclusion

‘1’hc cffcct,s  of correlated noise on the full spcctrutn  corrlbilling  and complex sylnbol

combi~ling  arraying schmncs  have been almlyzed.  For both scll(!~ncs,  there arc sub-

stantial diffcrcmccs from the case of arraying siguals with ullcorrclatcd  noise. The

im~)ortaucc  of these factors dcp(!nds  on the dcgrc(: of noise corrc!latio]l,  quantified by

the correlation coefficients Pij for the various ant(vma pairs  in tll(~ array.  AS SCCII in

ChaI)tcr 3, accurate modeling of the noise corrclatlion  pro~)crtics for a given antenna

lx]ir requires detailed analysis of factors such as th(! soum!  structure and position,
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the antenna gail ] Pattf!rns, and the geometry of the array. 1 lowcver,  t,hc corrc]atioll

cocflicicntf can bc dctcrmincd  easily ill cases wl]crc the basclil]e  is citllm very sl]ort

or vmy long. ‘J’hcsc two cxtrmnc cases can he used to obtain  a rough idea of what

dcgrcc of nois(! correlation call bc cxlx!ctcd  for a gi~’ml  sccuario.

‘] ’]](’ ideal  ar)’a~in~,  gail] for a s(i of signa]sj  GA, is ma~ilnllm SN]{ il~ll)~()\’~I~~(~~lt

over tllc strongest signal  in tlhc array that  call bc acllim’cd ilirfmf,ll (:olnl)i]li~lg.  Since

~~A do(% IIot a((ollllt  for 10ss(!s dll~ to il]l])(!lf[l~t  sy]]C])I’()]li~aii(  ))l, it is us~f{]] for

dcscril)illg  tllc Imrfor)[lanc(!  o f  arrayi  Ilg ill gcx Imal, l)ut,  n o t  fc)l(:[>llll)aril)  gsl)c(:ifi(:  al-

goritlll]ls  for  a r ray ing . For a  g i v e n  sot of cm e l a t i o n  mcfficicllts  p,j, tllc i~lcal  alrayillg

gain  IIlay  bc lowm  or liig}lcr  than t h e  c a s e  o f  uncorrclatfcd  IIoise wavcforlns.  ‘1’his

r(!flccts the fact t}llat  tllc Iloisc may add constructivc]y  or (l(:stl~l(:ti~’(:ly,  depending oll

tlllc relative signal and noise phases (i.c, tll(’ @ij pal a)n~~(:rs).

Correlated nois(! also has a]) impact, on the sy]nbol  SNI{ dcgradatiol]  for individual

arraying scl)cl]lcs, wllicl)  quantify the alnoullt  of syllclilollizatic)l)  loss il]currcd bascxl

oll sJxx:ific Procc!ssillg used. [)J)c major  difference fl oJn t,hc  UJICOI rclat,cd  noise case is

ill tjh(!  ldlasc alignlncnt,  in’occss. IIoth  f u l l  spcctmIII  cc)JnbilliI]g  aIId com])lcx  synlhol

Colnl)iniilg us~ mrrclatims  bctlwecn t}le various sigJlal pairs to cstiJ[latc the (Iiffmmcc

in Carrim ~)hascs. }~h~ll thC llOiSC  WaVCfOJ’JJIS  aJl!  IIOJ1-iIldC])OllCICJlt,  t]lC IIOiSC  ])J’OdUCtS

contril)utc  to the  total  mcasumd  corrclatioJ],  pro&lci  Jlg a  b i a s  iI1 tfhc e s t i m a t e d  I)hasc.

‘1’hc JJlagJlitludc  of tlhc  l]oisc  c o r r e l a t i o n  r e l a t i v e  to t hc sigIlal  comlatliml  c a n  lx] conl-

])ut,cd  frolll  th(! signal l(!vcls  ( i . e . , tllc 1$/~~s),  tfhc dcgrcc of l]oisc correlation, atld Lllc

corrclaton  bandwidths used. Since th[! cent ributioll of the Iloisc bias is ~)rolxntional

to the correlation bandwidth used, full spectrum  combining is more scwcrcly affcctcd

l)y this lwol)lcm thal) colnl)]cx  symbol conll)iniJlg. ~f modified ~nctllod  of yhasc csti-

matioll,  wlicrc the correlation due to the noise alollc is II)casurcd  ancl  compensated

for, can optionally bc cJm)loyul  for both  FSC and CSC, as ncccssary.
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Appendix A

Performance of the FSC

Correlator

1“01 full slx!ctru]n cmnbillin.g,  the ~d]asc dif!crcncc  botwccu two siAIIals is estimated

Iy lmrforming  ol)c low]) ass and onc bandl)ass  correlation , as dcsclilmd in %ction  3.2.

After  lining filtered to some lmq)ass  bandwidth l~jr, I Iz, Ihc signals from antcnlla  1

and ant,cmna z arc given by

L k odd J

~,llCl(:  t]lc  S~l~Ca~~j~l  is CXllIWX:~  iI~ t(!~InS  of its sjnllsojda]  [olIIPOIICIltS”  that  aI’(!  l)aSS[!d

by tllc  low}) ass filter. ‘1’11(! two signals passed through the balldlmss filter of bandl)ass

11~1) } Iz contain only nojsc,  and am given by

jbp] (~) “- fibpl (~ )

jb~i (i) ‘= ‘bJ), (i)

‘1’hc com~)l[!x  quantity used to cstimatl(t  the relative sijyal IJl]asc ~1~ = 01
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IN most, c a s e s ,  t h e  c o n t r i b u t i o n  o f  the s i g n a l - n o i s e  t e r m

]mwcr  is Inuch  s m a l l e r  than t h a t  o f  t h e  Iloisc-nois(!  t e r m s ,

i s  cslwcial]y  t r u e  i f  tlhc  l~J1/~O  lcvc]s  o f  t h e  t w o  s i g n a l s

(A.5)

iis,!, (t) to the total noise

al~d car) he i~Ilorcd.  His

arc very low, or if large

corrclatio]l I)andwidths  arc! used. 1 ly the Ccntra] IJimitl  ‘J’hcoIcIIi,  t}lc complex  noise

i call bc al)~)roximatcd  as Gaussiall if the correlation cxtclIds over Inally illdclxmdcnt

sam})lcs (i.e., if 7~Orr is mIIClI ~rcatcr thaIl the inverse corrclatioIl  l)andwidths).  After

avcra~ing, the varianm of the ma] and i~na~inary  ~)arts  of lV call 1.)(! shown to k equal

to

where N] and NQ arc the real and imagiuary  Parts  of N, rcs}mctivcly.  ‘1’he covariance

of N] and NQ can be shown to lM equal  to

(A.8)

Illrthcrvrlorc,  it is clear from (A .5) that the In(!ans  of the real and imaginary parts of

X arc ~ivcn t)y

171] = (Jil,, 1’(,’, -t Jl,,, P,,ilI) Cos qb,, (A.9)

(A.1O)
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I’;quat,ions (A.6), (A.7), (A.9), and (A. ] 0) caJ) bc col]lbincd  to co])]l)ut,c  tllc comclator

SNI{. as ddin(!(l in [[I]], i.e.,

SNl{co,r,f.c =
E[Z]E”[Z]

};[xZ*] - E[z]h” [z]

I’kplatioIls  (A.fl), (A.]()), al)d (A.6) - (A.8) can }N:  UWXI tm  dctmnlinc  tlIc .joi~lt dcII-
.

( )
1 -Q is t }Ic desired q u a n t i t y ,sitly funct)iol)  p~,~~(l,  CJ). S i n c e  t h e  dcnsitly of ~)j~ =- 1 alF ,

wc cxl)rms tllc joilltl density fullctfion  in tmm]s of ]mlar coordillatcs,  using the valial~lc

ddillitiolw

‘1’11(:  dcnsitly functio]l  for jointly Gaussian random  variab]cs is ~,ivcri in lmlar form by

(A.14)
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Appendix B

Performance of the CSC

Correlator

‘1’hc ]n(!thod of  cst,iII)atill~  t h e  rc]ativc  si~lld  ]Jhas(’s for com])lcx yJIIlml com~iIlin~

is allalo~ous to tllIC full slxxtmm  coml)illin~  al~oril  h; usi:l~ the extra correlation to

colnlmlsatc  for t}lc noise l)ias, t,llc complex corrclat  ion call I)c cxl)rcsscd  as

—-{’I’;; l’])ICI,: C:,v, C,c, -C,vi (w’ 4- N (11.1)

wllcrc  lV is  tllc nulnlm  of  sylnlJols  avcra@ o v e r ,  given  l)y N z ~:O,,/~;V,,,,  and

tjllc  Iioisc t)crrn N  lias mm meal). ‘]’}Ic s t a t i s t i c s  of t}lis  rjois{: ca,lI ~c allalyzccl  i n

the s a m e  manIIcr as lwfore;  here, the cffcctivc  coI rclatioll lmIldwidth  for both t h e

]owj)ass  a~ld t,llc l)al)d])ass  com!lation is lilsv,,, /2. Using tl]c dcfinit,io,] given by (4.18),

tl]c corrdator  SNI{ call k shown to be qua] to
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‘J’hc density function for the ljhase  cstimatioxl  ml or can lx: found  in an analogous

lnall~ler as al)pliml in A~)Pendix  A. ‘J’hc orlly cliff’crcncc  is ill Il)c cxJmssioIl for t h e

corrc]ator  SNI{,;  otherwise, both problems am govmncd  Iy the salnc Inathcmatics.

‘1’hc dcl]sity function fox the phase estimation error A@li is tl)us given by (A.15),

with SN1{COT,.,J.,C  rcplaccd by SNRCOr.,c,c.
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